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Abstract. We prove a finiteness result for dominant rational maps whose orbifold base is of general type.

Our finiteness result generalizes Maehara’s theorem that a given variety dominates only finitely many pro-

jective varieties of general type up to birational equivalence, and also answers a question of Campana on the

finiteness of Bogomolov sheaves. We give several further applications, including finiteness results for maps

to curves, abelian varieties, and K3 surfaces.
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1. Introduction

In 1926, Severi proved that for a variety Y over an algebraically closed field k of characteristic zero, the

set of isomorphism classes of smooth projective curves C of genus at least two dominated by Y is finite;

see [Sam66]. In 1983, Severi’s theorem was generalized to higher-dimensional varieties by Maehara [Mae83]

after work of Martin-Deschamps and Lewin-Ménégaux [MDLM82], see also [GP09, GP14]. In this paper we

extend these finiteness results to Campana’s maps of general type. Whereas Maehara’s theorem concerns

maps to varieties of general type, our version concerns maps whose orbifold base is of general type, a strictly

broader condition.

To state Maehara’s theorem, let X be a variety. We say that two rational maps f : X Y and f ′ : X Y ′

are equivalent if there is a birational map ψ : Y ′ Y such that ψ ◦ f ′ = f . We say that a proper variety

Y is of general type if there is a resolution of singularities Y ′ → Y with Y ′ a smooth projective variety and

ωY ′ big.

Theorem (Maehara). Let X be a smooth variety. Then the set of equivalence classes of dominant rational

maps f : X Y with Y a proper variety of general type is finite.
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Maehara proved his finiteness theorem contingent on a boundedness result (see Theorem 3.1 for a precise

statement) which was only proven later after contributions by Tsuji [Tsu07], Takayama [Tak06, Tak07] and

Hacon–McKernan–Xu [HMX14].

Maehara’s theorem has found broad applications in algebraic geometry. For example, it is used in the

characterization of complex algebraic surfaces definable over a number field [GDRC18, Theorem 7], in the

construction of Albanese exotic varieties [Sch06], in the proof of the non-isotriviality of certain families of

varieties of general type [Abr97, Lemma 3.2], and it forms the starting point for investigations on images of

products of (general) curves [BP13, GP08, LP16]. Finally, let us also mention Hwang and Mok’s analogue

of Maehara’s theorem for Fano varieties [HM03].

To state our generalization of Maehara’s result, we follow Campana [Cam11, Definition 4.2] and define the

orbifold base associated to a dominant morphism of smooth varieties, which encodes the nowhere reduced

fibers (also called “inf-multiple fibers”) of this morphism in terms of a Q-divisor on the target.

Let f : X → Y be a dominant morphism of smooth varieties over k. For a prime divisor D ⊆ Y , the

pullback f∗D is a (possibly empty) divisor which we may decompose as

f∗D = R+
∑
i

aiFi,

where no irreducible component of R dominates D, the Fi are prime divisors dominating D and ai ≥ 1. We

define the inf-multiplicity of f over D to be mf (D) = inf(ai) ∈ Z≥1 ∪ {∞} (where we adopt the convention

that the infimum of the empty set is ∞). Note that the fiber of f over the generic point of D is nowhere

reduced if and only if mf (D) > 1. We define the orbifold base divisor ∆f of f to be the Q-divisor

∆f :=
∑
D⊂Y

(
1− 1

mf (D)

)
D,

where the sum runs over all prime divisors D of Y (and where we adopt the convention that 1
∞ = 0). We

refer to the pair (Y,∆f ), or simply to the divisor ∆f , as the orbifold base of f . It is not hard to show that

if g : X ′ → X is a proper birational morphism with X ′ smooth, then ∆f = ∆f◦g (cf. Lemma 2.3). Thus,

we can define the orbifold base of a dominant rational map f : X Y by ∆f := ∆f ′ with f ′ : X ′ → Y a

resolution of indeterminacy.

We now extend Campana’s notion of a fibration of general type [Cam04, Definition 1.3.1] to arbitrary

dominant rational maps. (We note that Campana’s definition of the Kodaira dimension of a fibration also

involves modifying X; this is unnecessary by the above. )

Definition 1.1. Let f : X Y be a dominant rational map of smooth (not necessarily proper) varieties.

We define the Kodaira dimension of f to be

κ(f) = inf
f ′ : X99KY ′

κ(Y ′,KY ′ + ∆f ′),

where κ denotes the Iitaka dimension and the infimum is taken over all dominant rational maps f ′ : X Y ′

with Y ′ smooth proper which are equivalent to f . We say that f is of general type if κ(f) = dimY .1

We note that the Kodaira dimension of a rational map X Y can increase when replacing X by a dense

open. It is however invariant under proper birational modifications X ′ → X by Lemma 2.3. We also note

that while a priori, Definition 1.1 requires one to compute the Iitaka dimension of infinitely many divisors

1The notion of a morphism of general type as defined by Brunebarbe [Bru] (being a morphism whose generic fiber is of

general type) is unrelated to our definition.
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defined on infinitely many smooth proper models of Y , we show in Remark 2.11 how to compute κ(f) using

only one model of the map f .

The Kodaira dimension of a dominant morphism f : X → Y can be interpreted as measuring the number

of pluridifferential forms (perhaps with poles) ω on Y whose pullback f∗ω is regular on X with at most

logarithmic poles at infinity; see Lemma 2.10 for a precise statement.

Campana’s original motivation for introducing maps of general type (or fibrations of general type) is his

notion of a special variety [Cam04, Definition 2.1], where we recall that a smooth variety X is special if there

is no dominant rational map X Y of general type with Y positive-dimensional.

Let us give some basic examples of maps of general type. If X is a smooth projective variety of general

type and G is a finite group acting faithfully on X such that the quotient Y := X/G is smooth, then the

quotient map π : X → Y is of general type (whereas the target Y need not be of general type). Indeed, it

follows directly from the definition that the orbifold base of π is given as ∆ =
∑
i(1−

1
mi

)Bi, where the Bi

run over the irreducible components of the branch locus and mi is the order of the stabilizer over Bi. By

Riemann–Hurwitz, we have that π∗(KY + ∆) = KX ; in particular the bigness of KX implies that KY + ∆

is big as well. Since Y is smooth and π is finite surjective, π is flat, hence neat (Definition 2.1), so that the

infimum in Definition 1.1 is in fact realized on the model X → Y (Remark 2.11). Thus, X → Y is of general

type.

Another source of examples arises from divisible fibers in elliptic fibrations: if π : X → P1 is an elliptic

fibration with at least 5 divisible fibers, then π is of general type (in this case, the classical notion of the

“orbifold base of an elliptic fibration” coincides with the definition given above).

Motivated mainly by applications to rational points on varieties over function fields, and also by questions

related to the finiteness of Bogomolov sheaves on varieties (Corollary B), we prove the following generalization

of the theorems of Severi and Maehara to maps of general type.

Theorem A. Let X be a smooth variety over an algebraically closed field k of characteristic zero. Then the

set of equivalence classes of dominant rational maps f : X Y with f of general type is finite.

Maehara’s theorem complements the finiteness result of Kobayashi and Ochiai that for fixed proper

varieties X and Y over an algebraically closed field k of characteristic zero, the set of dominant rational

maps X Y is finite whenever Y is of general type [KO75]; this result was extended to varieties of log-

general type by Tsushima [Tsu79]. In a similar vein, our Theorem A complements the orbifold version of

Kobayashi–Ochiai’s theorem established in [BJ24] (at least in characteristic zero).

Theorem A implies Campana’s extension of the De Franchis theorem to one-dimensional smooth proper

C-pairs of general type [Cam05, §3]; see Section 8 for a detailed discussion.

Even when X is projective, Theorem A gives a stronger statement than Maehara’s result. For instance,

it shows that any such X admits only finitely many fibrations X → P1 with at least five nowhere reduced

fibers (up to automorphisms of P1), since the orbifold base in this case is of general type. In the same way,

a smooth projective curve X admits only finitely many totally ramified morphisms to P1 with at least five

branch points (up to automorphisms of P1).

Theorem A has interesting consequences for maps to abelian varieties and K3 surfaces. For example, it

implies that, given a smooth variety X, there are only finitely many simple abelian varieties A such that X

admits a dominant morphism X → A with a nowhere reduced fiber in codimension one. In particular, since
3



the empty scheme is nowhere reduced, the set of pairs (A,D) with A a simple abelian variety and D ⊆ A a

nontrivial effective divisor such that X admits a dominant morphism to A \D is finite up to automorphisms

of A. Similarly, the set of isomorphism classes of K3 surfaces S of Picard rank one such that X admits a

dominant rational map X S with a nowhere reduced fiber in codimension one is finite.

Theorem A applies in particular to fibrations of general type, that is, maps of general type with geomet-

rically connected generic fiber, and thereby answers a question of Campana concerning Bogomolov sheaves

[Cam11, Question 3.15]. To explain this question, we first recall Campana’s definition of a Bogomolov sheaf;

such sheaves encode fibrations of general type on a fixed pair (X,D) (see [Cam11, §9.2]).

Let X be a smooth proper variety and let D be a simple normal crossings divisor on X. Let Ω1
X(logD) be

the sheaf of differential forms with at most logarithmic poles along D, and write ΩpX(logD) =
∧p

Ω1
X(logD).

Recall that any saturated sub-line bundle L ⊆ ΩpX(logD) satisfies κ(L) ≤ p; see [Bog78, § 12, Thm. 4], [EV92,

Cor. 6.9], or the more general treatment in [Gra15]. For 1 ≤ p ≤ dimX, a Bogomolov sheaf of rank p on the

pair (X,D) is a saturated sub-line bundle L ⊆ ΩpX(logD) whose Iitaka dimension satisfies κ(L) = p. (This

coincides with Campana’s definition as explained in [BJL25, Remark 2.3].) A Bogomolov sheaf on (X,D) is

a Bogomolov sheaf of some rank p ≥ 1 on (X,D).

Given a fibration of general type X \ D Y with Y of dimension p, the saturation in ΩpX(logD) of

the pullback of ωY is a Bogomolov sheaf of rank p on (X,D). Campana showed that this gives a one-to-

one correspondence between the set of Bogomolov sheaves on (X,D) and the set of equivalence classes of

fibrations of general type with source X \D; see [Cam11, Théorème 9.9].

Motivated by Maehara’s theorem for varieties of general type, Campana asked whether, for a fixed pair

(X,D), the set of Bogomolov sheaves on (X,D) is finite; see [Cam11, Question 3.15]. This finiteness is a

direct consequence of Theorem A.

Corollary B (Campana’s question). Let X be a smooth proper variety and let D be a simple normal

crossings divisor on X. Then the set of Bogomolov sheaves for (X,D) is finite.

We emphasize that Theorem A is strictly stronger than Corollary B, since it applies to all maps of general

type and not only to fibrations. The proof of Theorem A begins with a finiteness result for generically finite

maps and then derives the general case, including fibrations, as a consequence; see Section 7.

Our version of Maehara’s theorem also implies the analogous “log-version”. To state this, recall that a

smooth variety Y is of log-general type if there is a smooth proper compactification Y ⊆ Y whose boundary

D := Y \Y is an snc divisor such that KY +D is big (i.e., the identity Y → Y is of general type). Moreover,

recall that a rational map X Y is said to be proper-rational if there is a proper birational morphism

X ′ → X such that X ′ Y is a proper morphism (this terminology was introduced by Iitaka [Iit82, § 2.12]).

Moreover, two varieties X and X ′ are proper-birational if there is a proper-rational map X ′ X whose

inverse is also proper-rational. Two rational maps f : X Y and f ′ : X Y ′ are proper-birationally

equivalent if there is a proper-birational map ψ : Y Y ′ such that ψ ◦ f = f ′. The quasi-projective version

of Maehara’s theorem now reads as follows (see Section 7.1 for its proof).

Corollary C. Let X be a smooth variety over an algebraically closed field k of characteristic zero. Then

the set of proper-birational equivalence classes of dominant proper-rational maps X Y with Y a smooth

variety of log-general type is finite.

Finally, in Section 8 we explain how our methods relate to Campana’s theory of C-pairs (also referred

to as “orbifolds”) and why we formulate our results in terms of dominant rational maps of general type.
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In particular, we show that the one-dimensional case of Theorem A recovers Campana’s extension of the

De Franchis theorem and implies a C-pair version of Severi’s classical finiteness result for algebraic curves.

The higher-dimensional situation is more subtle, and we include a short discussion of the issues surrounding

C-pair targets for completeness.

1.1. Conventions. We work over an algebraically closed field k of characteristic zero. A variety is an

integral separated scheme of finite type over k. If X and Y are varieties, we write X × Y for X ×Spec k Y . If

L is a line bundle, D is a Q-divisor, and n is a natural number, we abuse notation and write (L(D))⊗n for

L⊗n(bnDc).

2. Preliminaries

2.1. Neat maps. We follow Campana [Cam04, Definition 1.2] and make the following definition. (Given a

morphism f : X → Y of varieties and a prime divisor D on X, we say that D is contracted by f if f(D) has

codimension at least two in Y .)

Definition 2.1. A dominant morphism f : X → Y between smooth varieties is neat if there is a proper

birational morphism p : X → X ′ with X ′ also smooth such that every prime divisor contracted by f is also

contracted by p.

Since a flat morphism does not contract any divisors, any flat morphism is neat. Also, every birational

morphism of smooth varieties is neat. Raynaud–Gruson’s flattening theorem [RG71] ensures that every

dominant rational map admits a neat model (see also [Cam04, Lemma 1.3]).

Lemma 2.2. Let f : X → Y be a dominant morphism of smooth varieties. Then there exist projective

birational surjective morphisms X ′′ → X and Y ′ → Y with X ′′ and Y ′ smooth such that f can be lifted to a

neat morphism X ′′ → Y ′ whose orbifold base is an snc divisor. If moreover X and Y admit morphisms to

a variety T which are compatible with f , the varieties X ′′ and Y ′ can be chosen in such a way that, for all

t ∈ T with X ′′t and Y ′t smooth and X ′′t → Y ′t dominant, the morphism X ′′t → Y ′t is neat.

Proof. By Raynaud–Gruson’s flattening theorem [RG71, Theorem 5.2.2], there is a proper birational surjec-

tive morphism Y ′ → Y such that the main component X ′ of X ×Y Y ′ is flat over Y ′. Since formation of the

main component commutes with further blowups and flatness is preserved under base change, this Y ′ can

be chosen to be smooth and such that the orbifold base of X ′ → Y ′ is snc. Now let X ′′ → X ′ be a proper

birational surjective morphism with X ′′ smooth. Then every divisor contracted by the composed morphism

X ′′ → X ′ → Y ′ must already be contracted by X ′′ → X ′ since X ′ → Y ′ is flat. In particular, every such

divisor gets contracted by X ′′ → X, showing that X ′′ → Y ′ is neat. In the situation that X and Y admit

morphisms to a variety T , the same argument also applies to the morphisms X ′′t → Y ′t for every t in T , and

thus shows that these are neat as well. �

The importance of neat maps for us comes from Lemma 2.6 below.

2.2. The orbifold base. The following is well-known and can be deduced from [Cam11, Lemme 4.4] after

unraveling the definitions in loc. cit.; we include a short proof for the reader’s convenience.

Lemma 2.3. Let f : X → Y be a dominant morphism of smooth varieties and let g : X ′ → X be a proper

birational morphism with X ′ smooth. Then ∆f = ∆f◦g.
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Proof. This may be checked one prime divisor at a time, so let D ⊆ Y be a prime divisor. Write f∗D =∑
i∈I aiFi + R with the Fi ⊆ X being prime divisors which dominate D under f and R consisting of

prime divisors which get contracted under f . Fix one index i ∈ I and consider the pullback g∗Fi. Then

g∗Fi = F̃i +
∑
j∈Ji bi,jEi,j with the Ei,j being exceptional divisors for g, the bi,j being positive integers,

and F̃i denoting the strict transform of Fi. Thus, we see that F̃i appears in g∗f∗D with multiplicity ai and

moreover, that every Ei,j appears with multiplicity at least aibi,j ≥ ai. In particular, the minimal ai has

not changed and the conclusion follows. �

Remark 2.4. In [Cam04, Lemma 1.9], a similar statement to Lemma 2.3 is claimed in which X and Y are

only assumed to be normal instead of smooth. However, Lemma 2.3 is wrong if we do not require X to be at

least locally factorial – in the proof above, this assumption is implicitly used when considering the pullback

g∗Fi, which requires Fi to be Cartier. For a counterexample, let X ⊆ A3 be the cone x2 = yz and consider

the morphism f : X → A1 given by (x, y, z) 7→ y. Then the fiber over y = 0 is the double line x2 = 0, and

thus, we would expect ∆f = 1
2 [0]. However, if we consider the blowup g : X ′ → X in the cone tip, which

resolves the singularity, an easy local calculation shows that the exceptional divisor E ⊆ X ′ gets mapped to

0 under f and appears with multiplicity 1 in the fiber f−1(0). Thus, we have ∆f◦g = 0 and the analogue of

Lemma 2.3 fails to hold. It is for this reason that we only consider the orbifold base for morphisms between

smooth varieties in what follows.

2.3. Pullback of differential forms. Let X be a variety over k, let p : X ′ → X be a resolution of singulari-

ties, and let X ′ be a compactification of X ′ such that the boundary X ′\X ′ is a simple normal crossings divisor

D. In this situation, for any integer d ≤ dim(X) we can consider the sheaf Ωd
X′

(logD) and its tensor powers

Ωd
X′

(logD)⊗r. A key property of these sheaves is that their space of global sections H0(X ′,Ωd
X′

(logD)⊗r)

only depends on X, i.e. it is independent of the choice of resolution and compactification [Iit82, §11.1]. We

call this space the space of differential forms on X with at most log-poles at infinity. If f : X → Y is a

dominant morphism of varieties, it is easy to see that pullback of differentials preserves the property of

having at most log-poles at infinity. In fact, we have the following more general result, which also partially

explains the relevance of the orbifold base in our setting.

Lemma 2.5. Let X and Y be smooth varieties and let D ⊆ X be an snc divisor. Let f : X → Y be a

dominant morphism such that the induced morphism X \D → Y is neat and let ∆f,D be the orbifold base of

X \D → Y . Assume that ∆f,D is supported on an snc divisor. Then, pullback of differential forms yields

an injection H0(ωY (∆f,D)⊗r)→ H0(ΩdX(logD)⊗r), with d := dimY .

Proof. (This is similar to [Cam04, Corollary 1.24].)

Let ω ∈ H0(ωY (∆f,D)⊗r) be a pluridifferential form. First, note that since the coefficients of ∆f,D are

all at most 1 and ∆f,D has snc support, the form ω has at most a logarithmic pole along any divisor in

Y . Thus, the pullback f∗ω has at most logarithmic poles. Consequently, it suffices to check that f∗ω is a

regular form on X \D so that from now on, we may assume D = 0.

To verify that f∗ω is regular, let E ⊆ X be any divisor. Assume first that f does not contract E and

hence maps it to a divisor f∗E in Y . In this case, let mE be the coefficient of E in f∗f∗E and note that mE

is at least the multiplicity m of f∗E in ∆f,D. An easy local computation around the generic point of E now

shows that f∗ω does not have a pole along E. Consequently, f∗ω cannot have a pole along any divisor not

contracted by f . Since f is neat, there is a proper birational morphism p : X → X ′ such that every divisor

contracted by f is also contracted by p. That is, every divisor on X ′ corresponds (via the strict transform)
6



to a divisor on X not contracted by f . In particular, viewing f∗ω as a differential form on X ′, we see that

it does not have any poles in codimension one, and thus, by smoothness of X ′, must be regular. It follows

that f∗ω is a regular differential form on X as well. �

We note that in the above proof, we only used that ∆f,D has snc support when verifying that f∗ω has

at most logarithmic poles. In the special case D = 0, the assumption on the support of ∆f,D can thus be

dropped.

The special case of Lemma 2.5 where X and Y have the same dimension will be particularly important

to us, so we record it separately.

Lemma 2.6. Let X and Y be smooth varieties of the same dimension and let D ⊆ X be an snc divisor. Let

f : X → Y be a dominant morphism such that the induced morphism X \D → Y is neat and let ∆f,D be the

orbifold base of X \D → Y . Assume that ∆f,D is supported on an snc divisor. Then, pullback of differential

forms yields an injection H0(ωY (∆f,D)⊗r)→ H0(ωX(D)⊗r).

We will also need the following relative version of this statement. (If f : X → S is a dominant morphism

of smooth varieties over k, we denote ωX/S := ωX ⊗ f∗ω∨S .)

Lemma 2.7. Let T be a smooth variety over k. Let p : X → T and q : Y → T be dominant morphisms such

that X and Y are smooth varieties of the same dimension. Let F : X → Y be a morphism over T such that

F is neat and dominant. Let D ⊆ X be a reduced divisor and let ∆F,D be the orbifold base of the induced

morphism of varieties X \ D → Y. Assume that ∆F,D is supported on an snc divisor. Then, pullback of

differentials induces an injective map of sheaves q∗(ωY/T (∆F,D)⊗r)→ p∗(ωX/T (D)⊗r).

Proof. By Lemma 2.6, pullback of differentials gives an injective map

H0(ωY(∆F,D)⊗r)→ H0(ωX (D)⊗r).

Since the assumptions of the lemma are preserved under replacing Y with a dense open and X with its

preimage under F , we see that we really have an injective morphism of sheaves

ωY(∆F,D)⊗r → F∗ωX (D)⊗r.

Applying q∗ to this morphism, noting that p = q ◦F , and then tensoring with ω⊗−rT on both sides, we obtain

an injective morphism of sheaves

q∗(ωY(∆F,D)⊗r)⊗ ω⊗−rT −→ p∗(ωX (D)⊗r)⊗ ω⊗−rT .

The sheaf ωT is a line bundle and hence, the projection formula applies. As we have that ωX/T = ωX⊗p∗ω⊗−1T

and similarly for ωY/T , we obtain an injective morphism of sheaves

q∗(ωY/T (∆F,D)⊗r)→ p∗(ωX/T (D)⊗r).

This is the claim. �

2.4. Characterizing maps of general type. In this section, we give a “model-independent” criterion for

a surjective morphism f : X → Y to be of general type, i.e. a criterion which does not require modifying

X and Y in its birational equivalence class. Our starting point is the observation that Lemma 2.6 has the

following converse, even in the absence of any neatness conditions.
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Lemma 2.8. Let f : X → Y be a surjective morphism of smooth varieties and let D ⊆ X be an snc divisor.

Let r be an integer and let ω be a rational section of ω⊗rY (i.e. a pluridifferential d-form on Y which may

have poles). Suppose that f∗ω is a regular pluridifferential d-form on X \ D which has at most log-poles

along D. Then ω is a regular section of ωY (∆f,D)⊗r, where ∆f,D denotes the orbifold base of X \D → Y .

Proof. Let E ⊆ Y be a prime divisor along which ω has a pole of order n ≥ 1 and let m be the multiplicity

of E in ∆f . We have to show that n ≤ r(1 − 1
m ). If m 6= ∞, let E′ ⊆ X be a non-f -exceptional divisor

occuring in f∗E with coefficient m, such that E′ * suppD. Otherwise, let E′ ⊆ X be a component of D

mapping to E. To compute the pole order of f∗ω along E′, we may pass to the local ring OX,E′ and even

the completed local ring ÔX,E′ . Thus, consider the induced morphism of complete discrete valuation rings

ÔY,E → ÔX,E′ and let tE , tE′ be the respective uniformizers, chosen such that the image of tE is tm
′

E′ for

some m′ ≥ 1. Of course, if m 6=∞, we have m′ = m. The form ω can be written as

ω = t−nE g(dtE ∧ dx1 ∧ . . . ∧ dxd−1)⊗r,

where g, x1, . . . , xd−1 ∈ ÔY,E are units. Computing the pullback f∗ω then yields

f∗ω = t
−nm′+(m′−1)r
E′ g(dtE′ ∧ dx1 ∧ . . . ∧ dxd−1)⊗r.

If m <∞, our assumption was that f∗ω is regular. Thus, we have −nm′+(m′−1)r ≥ 0, which immediately

implies the desired n ≤ r(1 − 1
m ). Otherwise, the assumption that f∗ω has at most log-poles implies

−nm′ + (m′ − 1)r ≥ −r, which gives n ≤ r, as required. �

As a consequence, we obtain the following result which relates the global sections of ωY (∆f )⊗r to a set

which only depends on the equivalence class of f .

Proposition 2.9. Let f : X → Y be a surjective morphism of smooth proper varieties and let D ⊆ X be an

snc divisor. Write d = dimY and let Tr be the space of r-pluridifferential d-forms on Y (possibly with poles,

i.e. rational sections of ω⊗rY ) which, when pulled back along f , become regular forms on X \D with at most

log-poles along D. Let ∆f,D be the orbifold base of X \D → Y . Then the following hold.

(i) The space Tr is invariant under replacing X by a smooth proper modification X ′ for which the

preimage D′ of D in X ′ is snc.

(ii) The space Tr is invariant under replacing Y by a smooth proper modification Y ′ and X by a reso-

lution X ′ of the main component of X ×Y Y ′ for which the preimage of D′ of D in X ′ is snc.

(iii) For any f , we have Tr ⊆ H0(Y, ωY (∆f,D)⊗r).

(iv) If f is neat and ∆f,D is supported on an snc divisor, equality holds in (iii).

Proof. Point (i) is just a reformulation of the fact that the global sections of ΩdX(logD)⊗r and ΩdX′(logD′)⊗r

are the same. This, combined with the fact that the rational sections of ω⊗rY and ω⊗rY ′ are the same, then also

implies (ii). Point (iii) follows immediately from Lemma 2.8. Lastly, (iv) is a consequence of Lemma 2.5,

combined with (iii). �

As a direct consequence, we obtain the following alternative characterization of the Kodaira dimension of

a morphism (Definition 1.1). Note the lack of any neatness assumptions on f .

Corollary 2.10. In the situation of Proposition 2.9, the morphism X \D → Y has Kodaira dimension κ if

and only if r 7→ dimTr grows like a polynomial of degree κ in r as r →∞.
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Proof. By Proposition 2.9.(iii), the growth rate of the dimensions dimTr is always at most the Iitaka di-

mension of KY + ∆f,D. By Proposition 2.9.(i) and .(ii), the dimTr do not change when replacing f by a

morphism f ′ equivalent to it. Thus, varying over all morphisms f ′ equivalent to f , we see that the dimTr

grow at most like a polynomial of degree κ in r.

On the other hand, by Lemma 2.2, the morphism f is equivalent to a dominant neat morphism f ′ whose

orbifold base is supported on an snc divisor. By Proposition 2.9.(i) and .(ii), we may compute dimTr using

f ′ instead of f . Since by definition f and f ′ have the same Kodaira dimension, replacing f by f ′, we may

assume that f is neat and that ∆f,D has snc support. In that situation, by Proposition 2.9.(iv), we have

that Tr = H0(Y, ωY (∆f,D)⊗r). In particular, dimTr grows like a polynomial of degree κ(Y,KY + ∆f,D). If

X \D → Y has Kodaira dimension κ, the Iitaka dimension of KY +∆f,D is at least κ, and so, the dimension

dimTr grows at least like a polynomial of degree κ in r. �

Remark 2.11. Corollary 2.10, combined with Proposition 2.9, shows that if f : X Y is a rational map

and X ′ → X, Y ′ → Y are proper birational morphisms such that f lifts to a neat morphism f ′ : X ′ → Y ′

with orbifold base ∆ supported on an snc divisor, we have that κ(f) = κ(Y ′,KY ′ + ∆). In other words, the

morphism f ′ realizes the infimum in Definition 1.1. (Similar results have been noted before, cf. [Cam04,

Proposition 1.25] or [Cam11, Corollaire 5.11].)

Remark 2.12. Since the spaces Tr are invariant under suitable modifications of X and Y , it also makes

sense to define them for any dominant rational map f : X Y of (not necessarily proper) varieties X and

Y . To do so, let X ′ → X be a proper modification with X ′ smooth, X ′ an snc compactification of X ′ with

snc boundary D, Y ′ → Y a proper modification with Y ′ smooth, and Y ′ a smooth compactification of Y ′

such that f lifts to a morphism X ′ → Y ′. Then define Tr (of f) using the morphism X ′ → Y ′ and the divisor

D; by Proposition 2.9.(i) and .(ii), this is independent of the choices made. The characterization of κ(f)

given in Corollary 2.10 continues to hold, since κ(f) is, by definition, also invariant under proper birational

modifications of X and arbitrary birational modifications of Y .

Lastly, we obtain the following result, which as a special case implies that if one restricts a morphism

of general type with positive-dimensional fibers to a hyperplane section, one again obtains a morphism of

general type. (This result is similar to [Cam04, Proposition 2.10]).

Corollary 2.13. Let f : Y Z be a dominant rational map of general type with Y and Z smooth. Let X

be a smooth variety and let g : X Y be a rational map such that the composition f ◦ g : X Z is defined

and dominant. Then X Z is of general type.

Proof. By Corollary 2.10 and Remark 2.12, it suffices to prove that the dimensions of the spaces of pluridif-

ferential forms on Z whose pullback along f ◦ g is regular on X with at most log-poles at infinity grow like

a polynomial of degree dim(Z). To show this, first observe that if ω is a pluridifferential form on Z whose

pullback to Y is regular with at most log-poles at infinity, then its pullback to X is regular with at most

log-poles at infinity as well. Consequently, since f is of general type, the claim follows by Corollary 2.10. �

2.5. The orbifold base in families. In this section, we prove that given a family of morphisms over some

base variety T , the formation of the orbifold base commutes with restriction to the fiber for general t ∈ T .

Let us first make our setup precise.
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Let T be a smooth variety over k and let X → T , Y → T be smooth surjective morphisms with X and

Y integral varieties of the same dimension. Assume that Y → T has geometrically connected fibers. Let

F : X → Y be a dominant morphism over T and let ∆F be its orbifold base.

Lemma 2.14. In the above setting, there is a dense open subset T ◦ ⊆ T such that for every t ∈ T ◦, the

restricted map Ft : Xt → Yt is dominant and its orbifold base satisfies ∆Ft = (∆F )|Yt .

Proof. First, note that there is a dense open T ◦ ⊆ T such that Ft is dominant for every t ∈ T ◦. (Indeed, the

set T ◦ may be taken to be the image in T of the interior of the image of F .) Thus, shrinking T if necessary,

we may assume that every Ft is dominant.

Since F is a dominant morphism between varieties of the same dimension, there is a closed subset Z ⊆ Y
of codimension at least two such that the induced map F−1(Y \ Z) → Y \ Z has finite fibers. Moreover,

since the morphisms Ft are all dominant, the intersection of Z with any Yt has codimension at least two

in Yt. Thus, replacing Y by Y \ Z changes neither the orbifold base of F nor the orbifold base of the Ft.

Consequently, we may assume that F has finite fibers and in particular, that there are no F -exceptional

divisors and no Ft-exceptional divisors for any t ∈ T .

Consider the maximal open set X ◦ on which F is étale and let Y◦ := F (X ◦). Since étale maps are open,

Y◦ is open in Y. Replacing T by a dense open if necessary, we may assume that Y◦ → T is still surjective.

Observe that if E ⊆ Y is a divisor not contained in ∆F , the pullback F ∗E contains a divisor with

multiplicity 1. Thus, X ◦ has nonempty intersection with F−1(E) and the generic point of E is contained in

Y◦. Conversely, if E ⊆ supp ∆F , then, at a general point of X lying over E, the map F is not étale, and

hence the generic point of E does not lie in Y◦. It follows that Y \Y◦ = supp ∆F ∪Z for some closed subset

Z ⊆ Y of codimension at least two. Shrinking T if necessary, we may assume that for every t ∈ T , we have

that Zt ⊆ Yt is of codimension at least two as well.

As the morphism X ◦ → Y◦ is étale surjective, we see that for every t in T and every y ∈ Y◦t , there is at

least one point of Xt lying over y at which Ft is étale. Such y cannot be contained in the orbifold base of

Ft, hence we see that for every t ∈ T , we have supp ∆Ft ⊆ supp(∆F |Yt). It remains to make sure that the

multiplicities agree.

To ensure this, we must shrink T further, so that the following conditions are satisfied for all t ∈ T :

(i) For every irreducible component E ⊆ supp ∆F , the intersection E ∩ Yt is reduced.

(ii) For every irreducible component E ⊆ supp ∆F and every irreducible component D ⊆ F−1(E), the

intersection D ∩ Xt is reduced. (Here, F−1(E) denotes the set-theoretic preimage.)

(iii) For every irreducible component E ⊆ supp ∆F and every irreducible component D ⊆ F−1(E), the

degree of the map D ∩ Xt → E ∩ Yt is the same as the degree of D → E. (In particular, every

irreducible component of E ∩ Yt has a divisor lying over it.)

(iv) For every pair of distinct irreducible components E1, E2 ⊆ supp ∆F , the intersections E1 ∩ Yt and

E2 ∩ Yt share no irreducible component of codimension one in Yt.

Now, fix a t ∈ T and an irreducible divisor E ⊆ supp(∆F |Yt). Then, there is an irreducible component

Ẽ ⊆ ∆F (unique by condition (iv) above) such that Yt ∩ Ẽ contains E as an irreducible component. By

condition (i) above, E appears in this intersection with coefficient 1. Let m be the multiplicity of Ẽ in ∆F

and let D̃ be a component of F ∗Ẽ whose coefficient in F ∗Ẽ is m. By condition (iii) above, there is an

irreducible component D of D̃∩Xt mapping to E, which, by condition (ii), occurs in D̃∩Xt with coefficient

1. Thus, D occurs in F ∗t E with coefficient m. This shows that the multiplicity of E in ∆Ft is at most m.

Hence ∆Ft ≤ (∆F )|Yt .
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On the other hand, we have that F ∗t E ⊆ Xt∩F ∗Ẽ, i.e. every divisor D appearing in F ∗t E is the restriction

to Xt of a divisor D̃ appearing in F ∗Ẽ, and the coefficients agree. In particular, every coefficient of a divisor

appearing in F ∗t E also appears in F ∗Ẽ, so that the multiplicity of Ẽ in ∆F is at most the multiplicity of E

in ∆Ft . This shows the other inequality, finishing the proof. �

3. Bounds on graphs of dominant maps

In this section we prove that the family of maps of general type with fixed source X is bounded (Theorem

3.4); this extends Maehara’s result [Mae83, Proposition 3.3]. In our proof, we follow Maehara’s strategy

and start with the following uniformity statement. (Recall that a Q-divisor ∆ on a variety is said to have

standard coefficients if its coefficients lie in the set {1− 1
m | m ∈ Z≥1} ∪ {1}.)

Theorem 3.1. Fix a positive integer d. Then, there is a positive integer r such that for every smooth

projective pair (X,∆) of general type with dimX = d, the divisor br(KX + ∆)c defines a map

X |br(KX + ∆)c|∨

which is birational onto its image.

Proof. The set of standard coefficients satisfies the descending chain condition (abbreviated by DCC in

[HMX14]), so that the theorem follows from [HMX14, Theorem C]. �

Remark 3.2. If d = 1, using the classification of smooth proper orbifold curves of general type, one can

show that r = 42 satisfies the above conclusion.

Remark 3.3 (Volume and degree). Let X be a proper variety of dimension d and let D ⊆ X be a divisor.

Then the volume of D, denoted by volX(D), is defined by

volX(D) := lim
m→∞

d!

md
h0(mD).

If D ≤ E are two divisors, it is immediate from the definition that volX(D) ≤ volX(E). For nef divisors D,

we have the easier formula volX(D) = Dd; see [Laz04, Corollary 1.4.41]. In particular, if D is very ample

and X ⊆ Pn is the associated embedding, the volume of D is the degree of X in Pn.

If p : X ′ → X is a proper birational map and D is a divisor on X, then volX′(p
∗D) = volX(D); see [Laz04,

Proposition 2.2.43]. Thus, if D is a big divisor such that the rational map X Pn is birational onto its

image X0, we see that deg(X0) ≤ volX(D). Moreover, if f : X → Y is a generically finite morphism of

proper varieties, there is an inequality volY (D) ≤ volX(f∗D). Hence we see that if D is a big divisor on a

proper variety X such that the associated rational map X Pn is generically finite onto its image X0, we

still have deg(X0) ≤ volX(D).

The main use of the volume for us lies in the following observation: Let f : X Y be a rational map

of proper varieties, let H be an ample divisor on X and let D be a big divisor on Y such that the induced

rational map Y Pn is birational onto its image Y0. Consider the graph Γ ⊆ X ×Y0 ⊆ X ×Pn of f . Then,

the degree of Γ with respect to the ample class (H,OPn(1)) is bounded above by volX(H + f∗D). Indeed,

this is essentially a direct consequence of the previous discussion, as X is birational to Γ.

Theorem 3.4. Let X be a smooth variety over k. Then, there is an integer n ≥ 1 such that there exist finite

type k-schemes H1, H2, . . . ,Hn as well as closed subschemes Fm ⊆ Hm×(X×Pm) for m = 1, . . . , n satisfying

the following property: For every dominant rational map f : X Y of general type with dimX = dimY ,
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there exists a closed point h in some Hm such that Fm,h ⊆ X×Pm is the graph of a rational map fh : X Pm

whose image factorization is equivalent to f .

Proof. Let d = dim(X) and let r be as in Theorem 3.1. Consider the space V := H0(ω⊗rX )log of differential

forms which have at most log-poles at infinity (defined in Section 2.3), and let n = dimV − 1.

Consider a dominant rational map f : X Y of general type with dimX = dimY . Choose a neat model

f ′ : X ′ → Y ′ of f whose orbifold base ∆f ′ is snc (Lemma 2.2). As the rational map f : X Y is of general

type, the divisor KY ′ + ∆f ′ on Y ′ is big. Thus, our choice of r ensures that the rational map Y ′ Pm

induced by the linear system |br(KY ′ + ∆f ′)c| is birational onto its image. Moreover, by Lemma 2.6, there

is a natural injection H0(Y ′, ωY ′(∆f ′)
⊗r) → H0(X ′, ω⊗rX′ )log and by the discussion in Section 2.3, the latter

space identifies with V . In particular, we have m ≤ n.

Fix a compactification X ⊆ X with snc boundary D and an ample divisor class H on X. Let Γ ⊆ X×Pm

be the graph of the rational map f : X Y considered above, composed with the birational embedding

Y Pm. By Remark 3.3, we see that the degree of Γ with respect to the class (H,OPm(1)) is bounded by

volX(H+f∗(br(KY ′+∆f ′)c)). In particular, using Lemma 2.6 again, we see that the degree of Γ is bounded

by volX(H + KX + D). Observe that this bound is independent of f and instead, only depends on X, X

and H.

Now, as in [Mae83, Section 2], a result due to Chow implies that all the graphs Γ lie in finitely many

irreducible components of the Hilbert scheme Hilb(X × Pm), where m runs over the integers from 1 to n.

Thus, we can take each Hm to be the collection of the relevant components of Hilb(X × Pm) and the Fm to

be the associated universal families. �

4. Weak positivity and nefness

We will need the following weak positivity result for the sheaf of relative pluricanonical forms. Similar

versions of this result are due to Kawamata [Kaw81], Viehweg [Vie82, Vie83], Kollár [Kol86, Corollary 3.7],

Campana [Cam04, Theorem 4.13], Nakayama [Nak04, Theorem 3.35], Fujino [Fuj17, Theorem 1.1] [Fuj18,

Theorem 1.7], and Dutta–Murayama [DM19, Theorem D].

Recall that a locally free sheaf E on a variety X is said to be nef if the line bundle O(1) on P(E) is nef.

Theorem 4.1. Let C be a smooth projective curve, let X be a smooth projective variety and let f : X → C

be a projective morphism with geometrically connected fibers. Let ∆ be a Q-divisor on X and suppose that

there is a dense open U ⊆ C such that the restriction of ∆ to f−1(U) is snc and has coefficients in [0, 1].

Then, for every integer m such that m∆ is a Z-divisor, the locally free sheaf f∗(ωX/C(∆)⊗m) on C is nef.

Proof. Since C is a smooth curve, every torsionfree sheaf on C is locally free, so that f∗(ωX/C(∆)⊗m) is

locally free.

Let p : X ′ → X be a proper birational morphism which is an isomorphism over f−1(U) such that the

union of the strict transform of supp ∆ and the exceptional divisors of p is an snc divisor on X ′. Then we

can write

(∗) KX′ + ∆′ + E′ = p∗(KX + ∆) + E,

where ∆′, E and E′ are effective Q-divisors on X ′ which do not share any irreducible components and with

∆′ being the strict transform of the horizontal part of ∆. Note that E is p-exceptional and that E′ does not

dominate C under f ◦ p. By construction, the divisor ∆′ has coefficients in [0, 1]. Thus, the pair (X ′,∆′) is
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log-canonical, so that it follows from [DM19, Theorem D] that (f ◦ p)∗(ωX′/C(∆′)⊗m) is weakly positive on

C. Consequently, since a weakly positive sheaf on a curve is automatically nef, it is nef.

As E′ is effective, we have an inclusion ωX′/C(∆′)⊗m ⊆ ωX′/C(∆′ + E′)⊗m, which induces an inclusion

(f ◦ p)∗(ωX′/C(∆′)⊗m) ⊆ (f ◦ p)∗(ωX′/C(∆′ + E′)⊗m). Since E′ does not dominate C, these sheaves are

generically isomorphic and thus have the same rank. In particular, since (f ◦ p)∗(ωX′/C(∆′)⊗m) is nef, the

sheaf (f ◦ p)∗(ωX′/C(∆′ + E′)⊗m) is nef as well.

Now, by Equation (∗), we have ωX′/C(∆′ + E′)⊗m ∼= p∗ωX/C(∆)⊗m ⊗ OX′(mE). Thus, the locally

free sheaf (f ◦ p)∗
(
p∗(ωX/C(∆)⊗m)⊗OX′(mE)

)
is nef. Since E is effective and p-exceptional, we have

that p∗OX′(mE) ∼= OX . Hence the projection formula implies that p∗(p
∗(ωX/C(∆)⊗m) ⊗ OX′(mE)) ∼=

ωX/C(∆)⊗m ⊗ p∗OX′(mE) ∼= ωX/C(∆)⊗m. Consequently, f∗(ωX/C(∆)⊗m) is nef, as desired. �

5. Triviality of the relative Iitaka map

In this section we show that the relative Iitaka map associated to a family of dominant maps with fixed

source is trivial, under suitable regularity assumptions; see Corollary 5.5 for a precise statement. This is

roughly equivalent to showing that, given a family (ft : X → Yt)t∈T of such morphisms, the image of the

pullback map H0(Yt, ωYt(∆t)
⊗N )→ H0(X,ω⊗NX ) is independent of t. To do so, we will use the Grassmannian

associated to the vector space H0(X,ω⊗NX ).

5.1. The Grassmannian. Let V be a finite dimensional k-vector space and ν an integer. Let Grassν(V )

be the Grassmannian parametrizing quotient spaces of V of dimension ν. Recall that Grassν(V ) is smooth

and projective over k of dimension ν(dimV − ν) and that for a k-scheme T , we have

Grassν(V )(T ) =

{
isomorphism classes of surjective OT -module homomorphisms

q : V ⊗k OT → Q with Q locally free of rank ν

}
.

From the functorial interpretation of the Grassmannian, we see that the identity Grassν(V )→ Grassν(V )

corresponds to a morphism of OGrassν(V )-modules quniv : V ⊗k OGrassν(V ) → Quniv with Quniv locally free of

rank ν. The bundle Quniv is known as the universal quotient bundle. It also follows immediately that given a

morphism f : T → Grassν(V ) and its corresponding OT -module homomorphism q : V ⊗k OT → Q, we have

that f∗Quniv
∼= Q and moreover f∗quniv ∼= q. Furthermore, we obtain a surjection (

∧ν
V )⊗k OGrassν(V ) →

det(Quniv). By the functorial interpretation of projective space, this surjection gives rise to a morphism

Grassν(V )→ P(
∧ν

V ) such that the line bundle det(Quniv) on Grassν(V ) is the pullback of the O(1). This

morphism is well-known to be a closed immersion; in particular we see that det(Quniv) is ample.

5.2. Linearization of admissible families. Let k be an algebraically closed field of characteristic zero.

Definition 5.1. Let N ≥ 1 be an integer, let T be a smooth variety, let p : X → T be a projective

morphism with X a smooth variety over k, and let q : Y → T be a smooth projective integral T -scheme

with dimX = dimY. Let D be a divisor on X such that, for every t ∈ T , the divisor Dt is simple normal

crossings. Let F : X → Y be a dominant generically finite morphism over T and let ∆ be the orbifold base

of X \ D → Y. We say that F is admissible (with respect to N) if the following conditions hold.

(i) The Q-divisor N ·∆ has integer coefficients.

(ii) The morphism F : X → Y is neat.

(iii) The orbifold base ∆ is supported on an snc divisor.

(iv) For every t in T (k), the morphism Ft is dominant (hence generically finite).
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(v) For every i ≥ 0, the (torsionfree) coherent sheaf

q∗
(
(ωY/T (∆))⊗N

)
is locally free.

(vi) The cokernel of the natural morphism

q∗(ωY/T (∆)⊗N )→ p∗(ωX/T (D)⊗N )

is locally free. (This morphism is well-defined by Lemma 2.7.)

(We note that the phrasing “F is admissible” is slightly imprecise as admissibility also depends on the

choice of the snc divisor D ⊆ X , which is independent of F . We will avoid the possibility of confusion by

always only considering one choice of D on any given X .)

For the rest of this section, we fix the following data. Let T be a smooth variety over k. Let X be a

smooth projective variety over k and let D be an snc divisor on X. Let Y be a smooth projective integral

T -scheme with structure morphism q : Y → T . Assume that there exists a proper birational surjective

morphism ψ : X → X × T with X smooth over k, let p : X → T be the structure morphism, and let D be

the preimage of D × T . Let F : X → Y be a dominant generically finite morphism over T and let ∆ be the

orbifold base of the induced morphism X \ D → Y. We assume that F is admissible with respect to N .

We define V = H0(X,ωX(D)⊗N ); note that V ⊗OT = p∗(ωX/T (D)⊗N ). Let Q be the cokernel of

q∗(ωY/T (∆)⊗N )→ p∗(ωX/T (D)⊗N ).

Since F is admissible, Q is locally free; let ν denote its rank. Thus, we can make the following definition.

Definition 5.2 (Linearization map). The linearization of F is the morphism

LinNF : T → Grassν(V )

defined by Q.

Remark 5.3. At points of T over which F is sufficiently well-behaved, the linearization morphism has a

straightforward interpretation. Suppose that t ∈ T (k) is a point for which the morphism Ft : Xt → Yt is neat

and dominant. Then we have an injection F ∗t : H0(Yt, ωYt(∆t)
⊗N )→ H0(Xt, ωXt(Dt)⊗N ). Suppose moreover

that the natural morphism Xt → X is birational and that Dt is the preimage of D under this morphism.

Then we have a natural isomorphism H0(Xt, ωXt(Dt)⊗N ) ∼= H0(X,ωX(D)⊗N ) = V . Unraveling definitions,

we thus see that for such a point t ∈ T , the linearization map LinNF maps t to the image of F ∗t in V .

Theorem 5.4. In the setting above, the linearization map LinNF is constant.

Proof. It suffices to prove that the restriction of LinNF to some dense open of T is constant. Since the

formation of the orbifold base is compatible with replacing T by a dense open of T , we may thus use

Lemma 2.14 and assume that the restriction of the orbifold base ∆ of F |X\D to Yt is the orbifold base of

Ft|Xt\Dt , for every t ∈ T . In this situation, we also have that for every smooth quasi-projective curve C ⊆ T ,

the orbifold base of the morphism FC : XC \DC → YC is the restriction of ∆ to YC . Consequently, formation

of the linearization map commutes with restricting to C. Because a map whose restriction to every smooth

quasi-projective curve is constant must be constant itself, we are thus reduced to the case that T = C is a

curve.

The morphism Y → C extends to a projective morphism q : Y → C, where C is the smooth projective

model of C and Y is a smooth projective variety over k. The proper birational morphism X → X × C
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extends to a proper birational morphism X → X ×C over C, where X is smooth projective over k; we write

p : X → C for the structure morphism. Define D to be the closure of D in X and let ∆ be the closure of ∆

in Y. Note that since F is assumed to be admissible, ∆ has snc support over C ⊆ C.

Recall that Q denotes the cokernel of the morphism

q∗(ωY/T (∆)⊗N )→ p∗(ωX/T (D)⊗N ).

Note that V ⊗OC = p∗(ωX/C(D)⊗N ). Consequently, Lemma 2.7 yields a morphism

q∗(ωY/C(∆)⊗N )→ V ⊗OC ;

let Q be its cokernel. Let Tor(Q) ⊆ Q be the torsion subsheaf, so that Q/Tor(Q) is locally free on C. The

surjection V ⊗ OC → Q/Tor(Q) hence defines a morphism C → Grassν(V ), and since Q is the restriction

of Q/Tor(Q) to C, this morphism C → Grassν(V ) uniquely extends LinNF : C → Grassν(V ).

Let K be the kernel of the morphism V ⊗OC → Q/Tor(Q) and note that K is a locally free sheaf on C.

By construction, there is an inclusion q∗(ωY/C(∆)⊗N ) ⊆ K which is an isomorphism over C. In particular,

q∗(ωY/C(∆)⊗N ) and K have the same rank. Theorem 4.1 implies that q∗(ωY/C(∆)⊗N ) is nef on C. In

particular, det q∗(ωY/C(∆)⊗N ) is nef, so that

deg q∗(ωY/C(∆)⊗N ) ≥ 0

and hence

degK ≥ deg q∗(ωY/C(∆)⊗N ) ≥ 0.

On the other hand, the pullback of the universal quotient bundle Quniv on Grassν(V ) along the morphism

C → Grassν(V ) is Q/Tor(Q). In particular, since det (Quniv) is ample, we see that if LinNF is nonconstant,

then deg(Q/Tor(Q)) > 0. However, V ⊗OC has degree zero, so that deg(Q/Tor(Q)) + deg(K) = 0. Since

deg(K) ≥ 0, we conclude that LinNF is constant, as desired. �

The fact that LinNF is constant entails birational triviality of the Iitaka map. The following statement

generalizes [Mae83, Proposition 4.1.3]; note the lack of a “general type” assumption here.

Corollary 5.5. In the setting above, assume that q∗(ωY/T (∆)⊗N ) is not the zero sheaf. Then, the following

statements hold.

• The rational map ι : Y P(q∗(ωY/T (∆)⊗N )) is constant over T , i.e., there is a variety Z over k

such that the image of ι is Z × T .

• There is a rational map φ : X Z such that the composed rational map X × T Y Z × T is

φ× T .

Proof. Since the sheaf q∗(ωY/T (∆)⊗N ) is nonzero, the natural morphism of sheaves

q∗q∗(ωY/T (∆)⊗N )→ ωY/T (∆)⊗N

is nonzero as well. Consequently, it is surjective over a dense open of Y and we indeed obtain a rational map

Y P(q∗(ωY/T (∆)⊗N )).

By Lemma 2.7, pullback of differentials yields an injective morphism of sheaves

q∗(ωY/T (∆)⊗N )→ p∗(ωX/T (D)⊗N ).

In particular, the latter sheaf is nonzero and we also have a rational map X P(p∗(ωX/T (D)⊗N )). Since

X is birational to X × T over T , we have an isomorphism of sheaves p∗(ωX/T (D)⊗N ) ∼= V ⊗ OT and the
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rational map X P(p∗(ωX/T (D)⊗N )) is equivalent to the natural rational map X × T P(V )× T . The

latter is by construction constant over T . We obtain the following commutative diagram.

X × T P(V )× T

Y P(q∗(ωY/T (∆)⊗N ))

The right vertical map in the above diagram is the projection away from the relative linear subspace

P(Q) ⊆ P(V )× T , where Q denotes as above the cokernel of

q∗(ωY/T (∆)⊗N )→ p∗(ωX/T (D)⊗N ).

In particular, by Theorem 5.4, the right vertical map is constant over T (i.e., the right vertical map is fiberwise

a linear map between projective spaces and its center is independent of T ). It follows that the composition

X × T P(V )× T P(q∗(ωY/T (∆)⊗N )) is constant over T as well. Since the rational map X × T Y is

dominant, the image of Y P(q∗(ωY/T (∆)⊗N )) coincides with the image of X × T P(q∗(ωY/T (∆)⊗N )).

This immediately implies the assertions. �

6. Generic rigidity

We follow Maehara’s strategy and prove an extension of his rigidity theorem [Mae83, Appendix] to maps

of general type. As a first step, we prove the result in the situation where all involved morphisms are neat,

the varieties are smooth, and the divisors are snc.

Lemma 6.1 (Generic rigidity, smooth version). Let X be a smooth projective variety and let D be an

snc divisor on X. Let T be a smooth variety and let q : Y → T be a smooth projective morphism with

geometrically connected fibers. Let X → X × T be a projective birational morphism such that the induced

morphism p : X → T is smooth and let D ⊆ X be the preimage of D × T ⊆ X × T , viewed as a reduced

divisor. Let F : X → Y be a neat dominant generically finite morphism over T such that the orbifold base

∆F,D of X \ D → Y has snc support.

Assume that the set of t ∈ T (k) such that the restriction Ft : (X \D)t → Yt is a neat morphism of general

type is dense in T .

Then there are a smooth proper variety Y , a dense open T ◦ of T and a rational map f : X Y such that

Y|T◦ is birational to Y × T ◦ and F is equivalent to f × T ◦ over T ◦.

Proof. LetN be a positive integer such thatN∆F,D is a divisor with integer coefficients. Since ωY/T (∆F,D)⊗N

is coherent and q is proper, the sheaf q∗
(
(ωY/T (∆F,D))⊗N

)
is coherent. In particular, replacing T by a dense

open if necessary, it is locally free. Similarly, shrinking T further if necessary, the cokernel of the morphism

of coherent sheaves

q∗(ωY/T (∆F,D)⊗N )→ p∗(ωX/T (D)⊗N )

(constructed in Lemma 2.7) is locally free as well. Thus, for any integer ` ≥ 1, there is a dense open T` ⊂ T
such that F : X \ D → Y is admissible with respect to `N over T`.

If t ∈ T is a point for which Ft is of general type, the line bundle ωYt(∆Ft,Dt)
⊗r on Yt is big. Thus,

by Theorem 3.1, there is an integer r ≥ 1 such that for every t with Ft of general type, the rational map

associated to ωYt(∆Ft,Dt)
⊗r is birational onto its image. Replacing N by a multiple if necessary, we may
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assume that this holds for r = N . Note that this in particular implies that ωYt(∆Ft,Dt)
⊗N has at least one

nonzero global section.

By Lemma 2.14, replacing T by a dense open if necessary, we have that for every t ∈ T , the restriction of

∆F,D to Yt is exactly ∆Ft,Dt . Consequently, Grauert’s local freeness theorem [Har77, Corollary III.12.9] im-

plies that the fiber of q∗(ωY/T (∆F,D)⊗N ) at a point t ∈ T is the space of global sections of ωYt(∆Ft,Dt)
⊗N . In

particular, q∗(ωY/T (∆F,D)⊗N ) is not the zero sheaf and we obtain a rational map Y P(q∗(ωY/T (∆F,D)⊗N )))

over T . For every t ∈ T , this rational map restricts to the map associated to the line bundle ωYt(∆Ft,Dt)
⊗N

and thus, its restriction to Yt is birational onto its image for a dense set of t ∈ T (k). It follows that the

rational map Y P(q∗(ωY/T (∆F,D)⊗N ))) is birational onto its image.

The result now follows from Corollary 5.5. �

Remark 6.2. In the setting of Lemma 6.1, if X → X × T is assumed to be an isomorphism (i.e., not just

birational) and Yt is of general type, then the statement can also be deduced from a theorem of Noguchi.

In fact, in this case the conclusion can even be strengthened: there is a dense open T ◦ ⊂ T such that YT◦
is isomorphic to Y × T ◦ over T ◦. This is proven in Noguchi’s paper [Nog85] (see [XY, Theorem 2.8] for

details).

The general case then follows by reducing it to the nice case outlined above. (Maehara’s original rigidity

theorem is Theorem 6.3 below for D trivial and Y → T such that Yt is of general type for a dense set of t

in T (k).)

Theorem 6.3 (Generic rigidity). Let X be a smooth projective variety and let D be an snc divisor on X.

Let T be a smooth variety and let q : Y → T be a smooth projective morphism with geometrically connected

fibers. Let F : (X \D)×T Y be a dominant generically finite rational map over T . Assume that the set of

t ∈ T (k) such that Ft is a map of general type is dense. Then there are a smooth proper variety Y , a dense

open T ◦ of T and a rational map f : X Y such that Y|T◦ is birational to Y × T ◦ and F is equivalent to

f × T ◦ over T ◦.

Proof. Let X → X × T be a proper birational surjective morphism with X a smooth projective variety

such that the induced rational map X Y is a morphism. Let D be the preimage of D × T in X . Using

Lemma 2.2 and shrinking T if necessary, we may assume that the morphism X → Y is neat, that the orbifold

base of X \ D → Y is snc, that p : X → T and q : Y → T are smooth projective, and that Xt → Yt is neat

for every t ∈ T . The induced morphism X \D → (X \D)× T is proper birational and hence, after possibly

shrinking T , it is also fiberwise proper birational. In particular, for any t ∈ T , the morphism X \D → Yt is

of general type if and only if (X \ D)t → Yt is so. Thus, we may identify the morphism X \ D → Y with F

and we denote by ∆ = ∆F,D its orbifold base. The result now follows from Lemma 6.1. �

7. The proof of Maehara’s theorem for maps of general type

We first prove Maehara’s theorem in the equidimensional setting.

Lemma 7.1. Let X be a smooth variety. Then the set of equivalence classes of dominant maps of general

type X Y with dimY = dimX is finite.

Proof. By Theorem 3.4, there are finitely many finite type k-schemes H1, . . . ,Hn, equipped with closed

subschemes Fm ⊆ Hm × (X × Pm) for m = 1, . . . , n such that, for every f : X Y as in the theorem
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statement, there is a closed point h in some Hm such that Fm,h is the graph of some rational map X Pm

whose image factorization is equivalent to f .

Now, consider an irreducible component H ⊆ Hm and consider the set of closed points h ∈ H such that

Fm,h is the graph of some dominant rational map X Y whose image factorization is of general type.

Either, this set is dense in H, in which case Theorem 6.3 implies that there is a nonempty, hence dense, open

U ⊆ H such that the closed points h ∈ U all parametrize equivalent rational maps, or it is not dense, in which

case we let U ⊆ H be the complement of its closure. Repeating this argument by applying Theorem 6.3 to

the irreducible components of H \U and so on, we see that by noetherian induction, the closed points of the

Hi only parametrize finitely many equivalence classes of rational maps. This implies the claim. �

Theorem A now follows from Lemma 7.1 by cutting X with hyperplane sections (this is our analogue of

Maehara’s [Mae83, Lemma 6.3]).

Proof of Theorem A. By contradiction. Suppose that (fi : X Yi)
∞
i=1 is a sequence of pairwise non-

equivalent dominant rational maps of general type. We may assume that all Yi have the same dimension d,

and that d is the minimal integer for which such a sequence exists. By Lemma 7.1, we have that d > dimX.

Replacing X by a dense open subset if necessary, we may assume that X is quasi-projective. Fix an immer-

sion X ⊆ Pn. Replacing the ground field k by an extension field if necessary, let H ⊆ X be a very general

hyperplane section. Then the fi|H are still dominant rational maps and are still pairwise non-equivalent.

Moreover, by Corollary 2.13, they are still of general type. Since d was assumed to be minimal, this is a

contradiction and we conclude. �

7.1. Maehara’s theorem for varieties of log-general type. Since every dominant morphism to a smooth

variety of log-general type is a morphism of general type, Corollary C from the introduction is now an

immediate consequence of Theorem A and the following lemma.

Lemma 7.2. Let X and Y be smooth varieties and let p : X Y and q : X Y be two equivalent proper-

rational maps. Then p and q are proper-birationally equivalent.

Proof. By assumption, there is a birational map ψ : Y Y such that ψ ◦ p = q. We have to show that ψ is

proper-birational. To do so, let X ′ → X be a proper birational morphism such that p′ : X ′ → X Y and

q′ : X ′ → X Y are proper morphisms. Then, we can consider the morphism (p′, q′) : X ′ → Y × Y . This

morphism is proper, so that in particular its image Y ′ ⊆ Y × Y is closed. Now, the projection onto the first

component π1 : Y ′ → Y is proper, since it is proper after precomposition with the surjective map X ′ → Y ′.

Moreover, if U ⊆ Y is an open on which ψ is a morphism, then π1 is an isomorphism over U , so that π1 is

proper birational. Similarly, the projection onto the second component π2 : Y ′ → Y is proper as well, and it

is a model for the rational map ψ. Thus, ψ is proper-birational, as desired. �

We stress that the analogous statement to Corollary C formulated using strictly rational maps and strict-

birational equivalence classes is wrong. To see this, let X be a minimal smooth projective surface of general

type and let U := X \D be the complement of a prime divisor. Then for every p ∈ D, the inclusion morphism

fp : U → X \ {p} is a morphism of general type. However, fp and fq are strict-birationally equivalent if and

only if p and q are equal up to an automorphism of X. As Aut(X) is finite, we thus see that the fp fall into

infinitely many strict-birational equivalence classes. This does not contradict Corollary C since none of the

fp are proper-rational maps.
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Note that Corollary C appears to be new even for curves. In the case of curves, however, it can be

deduced from the classical theorems of De Franchis and Severi. As this simple argument (which adapts how

one proves “Faltings implies Siegel” over number fields [HS00, Exercise E.11]) does not seem to appear in

the literature, we include a brief sketch for completeness in the following remark.

Remark 7.3. Let X be a variety over an algebraically closed field k of characteristic zero. We give a direct

proof of the fact that the set of isomorphism classes of smooth curves Y of log-general type admitting a

dominant morphism X → Y is finite.

Consider smooth curves Y1, Y2, . . . of log-general type together with nonconstant morphisms fi : X → Yi.

For each i, choose a finite étale Galois morphism Y ′i → Yi of degree at most six such that the smooth

projective model Yi
′

of Y ′i has genus at least two. (Such an étale cover is easily shown to exist.) Set

Xi = X ×Yi Y ′i ; then Xi → X is a finite étale morphism of degree at most three. Thus, by the finiteness

of étale covers of X of bounded degree, we may choose a finite étale morphism X ′ → X such that every

composition X ′ → X → Yi factors through Y ′i → Yi.

By Severi’s classical theorem, since X ′ dominates every Yi
′
, the set of isomorphism classes of the Yi

′

is finite. Moreover, by the theorem of De Franchis, for any fixed i, the set of nonconstant morphisms

Homnc(X ′, Yi
′
) from X ′ to any Yi

′
is finite. For every g in Homnc(X ′, Yi

′
) there are only finitely many dense

opens of Yi
′

containing Im(g). Since each Y ′i contains the image of some g in Homnc(X ′, Yi
′
), we conclude

that the Y ′i are finite in number up to isomorphism. Since each Yi is a finite group quotient of Y ′i and

Aut(Y ′i ) is finite (Hurwitz), it follows that the curves Yi are finite in number up to isomorphism.

8. Campana’s C-pairs

In this section we explain how Theorem A yields C-pair analogues of the classical theorems of Severi and

De Franchis for curves. We then give a brief discussion of why Maehara’s theorem does not extend naturally

to higher-dimensional C-pairs.

We briefly recall the definition of a C-pair and a morphism of C-pairs following [Cam04, Cam11] (see also

[BJ24, §1]). Let X be a smooth variety, and let ∆ =
∑
i(1−

1
mi

)Di be a Q-divisor, where mi ∈ Z≥1 ∪ {∞}.
We refer to (X,∆) as a C-pair, and say it is smooth if supp ∆ has simple normal crossings, and proper if

X is proper over k. A smooth proper C-pair (X,∆) is of general type if KX + ∆ is a big Q-divisor. If Y

is a normal variety, a morphism of C-pairs f : Y → (X,∆) is a morphism of varieties f : Y → X satisfying

f(Y ) * supp ∆ such that for every i, the coefficients of the pullback f∗Di are all at least mi.

The following simple lemma is immediate from the definitions.

Lemma 8.1. Let X be a smooth variety and let (Y,∆Y ) be a smooth proper C-pair. Let f : X → (Y,∆Y ) be

a dominant morphism and let ∆f be the orbifold base of the associated morphism of varieties X → Y . Then

∆Y ≤ ∆f .

Remark 8.2. There are dominant morphisms f : X → Y of smooth varieties with orbifold base ∆f such

that X → (Y,∆f ) is not a morphism of C-pairs. Such morphisms are necessarily non-flat and in particular

must have dimY ≥ 2; see [Bar] for explicit examples.

The following result is an immediate consequence of Theorem A and Lemma 8.1.

Theorem 8.3 (Severi for C-pairs). Let X be a smooth proper variety. Then the set of isomorphism classes of

smooth proper C-pair curves (C,∆C) of general type admitting a nonconstant C-pair morphism X → (C,∆C)

is finite.
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Proof. First note that since we are only considering morphisms into curves, taking the infimum in Defini-

tion 1.1 is irrelevant. If f : X → (C,∆C) is a nonconstant C-pair morphism with (C,∆C) a C-pair curve

of general type and ∆f denotes the orbifold base of X → C, we have that ∆f ≥ ∆C (Lemma 8.1). Hence

KC + ∆f is big and thus, f is a morphism of general type. As a consequence, by Theorem A, it remains

to prove that for any fixed morphism f : X → C, there are only finitely many C-pair divisors ∆C on C for

which X → (C,∆C) is a C-pair morphism. Since X is proper, the morphism X → C is surjective, so that

the coefficients of ∆f are all strictly less than 1. The result now follows from the elementary fact that for

any fixed Q-divisor D on any variety Y whose coefficients are strictly less than 1, there are only finitely

many C-pair divisors ≤ D on Y . �

We can also deduce from Theorem A the following analogue of the theorem of De Franchis for C-pairs

of dimension one; this result was first proven by Campana [Cam05, §3] and is a special case of [BJ24,

Theorem 1.1].

Theorem 8.4 (De Franchis for C-pairs). Let X be a smooth variety and let (C,∆C) be a smooth proper

C-pair curve of general type. Then the set of nonconstant morphisms X → (C,∆C) is finite.

Proof. By Theorem A, there are only finitely many equivalence classes of nonconstant morphisms f : X → C

whose orbifold base ∆f is of general type. Since a nonconstant morphism X → (C,∆C) must have an

orbifold base of general type (Lemma 8.1), it thus suffices to prove that in any fixed equivalence class of

morphisms X → C, only finitely many representatives are C-pair morphisms X → (C,∆C). To do so,

consider two equivalent nonconstant morphisms f1 : X → C and f2 : X → C whose orbifold bases ∆1 and

∆2 are both ≥ ∆C and let φ : C → C be the automorphism of C such that φ ◦ f1 = f2. In this case, we have

φ∗∆2 = ∆1 and in particular, φ restricts to an isomorphism between C \supp ∆1 and C \supp ∆2. Moreover,

this isomorphism gives an isomorphism of C \ supp ∆C with a dense open of C containing C \ supp ∆2. As

there are only finitely many dense opens of C containing C \ supp ∆2, there are thus only finitely many

options for what φ(C \ supp ∆C) can be. Since the automorphism group of C \ supp ∆C is finite, there are

also only finitely many choices for what the isomorphism C \ supp ∆C → φ(C \ supp ∆C) can be, and thus

only finitely many options for φ. Thus, fixing f2, there are only finitely many options for f1, which is what

we wanted to prove. �

The preceding arguments rely heavily on the fact that the target is a C-pair curve. The following two

remarks explain why analogous finiteness statements for higher-dimensional C-pairs are less natural, which

motivates our use of the orbifold base instead.

Remark 8.5 (On birational equivalence for C-pairs). There is no satisfactory notion of birational equivalence

for C-pairs. Given a birational morphism µ : Y ′ → Y of smooth varieties and a C-pair structure (Y,∆Y ), it is

in general unclear how to define natural multiplicities on the µ-exceptional divisors so as to obtain a birational

transform (Y ′,∆Y ′) that is unique or functorial in any reasonable sense. This issue has been observed

repeatedly (see for example Chen–Lehmann–Tanimoto’s discussion of Campana weak approximation over

function fields [CLT, Remark 5.5]). Consequently, even formulating finiteness statements “up to birational

equivalence of C-pairs” is problematic.

Remark 8.6 (On finiteness of C-pair targets). Let f : X → Y be a dominant morphism between smooth

varieties, and let ∆f be its orbifold base. There are typically many C-pair structures (Y,∆Y ) for which f

becomes a morphism of C-pairs: as long as f is flat, any C-pair divisor ∆Y ≤ ∆f suffices. If one allows
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non-surjective morphisms X → Y , then already a single fixed rational map f admits infinitely many possible

C-pair targets, and thus no meaningful finiteness statement can hold.

One could attempt to remedy this by restricting to those C-pairs satisfying ∆Y = ∆f , but then we might

as well just work with the orbifold base itself. Restricting to surjective maps is another option, but this is

an unnatural limitation (cf. Remark 7.3) and still does not prevent a single rational map from giving rise to

several non-isomorphic C-pair targets.
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Typs. J. Reine Angew. Math., 330:132–142, 1982.

[Vie83] E. Viehweg. Weak positivity and the additivity of the Kodaira dimension for certain fibre spaces. In Algebraic

varieties and analytic varieties (Tokyo, 1981), volume 1 of Adv. Stud. Pure Math., pages 329–353. North-Holland,

Amsterdam, 1983.

[XY] J. Xie and X. Yuan. Partial heights, entire curves, and the geometric Bombieri-Lang conjecture. arXiv:2305.14789.

Finn Bartsch, IMAPP Radboud University Nijmegen, PO Box 9010, 6500GL, Nijmegen, The Netherlands

Email address: f.bartsch@math.ru.nl

Ariyan Javanpeykar, IMAPP Radboud University Nijmegen, PO Box 9010, 6500GL, Nijmegen, The Netherlands

Email address: ariyan.javanpeykar@ru.nl

Erwan Rousseau, Univ Brest, CNRS UMR 6205, Laboratoire de Mathematiques de Bretagne Atlantique, F-29200

Brest, France

Email address: erwan.rousseau@univ-brest.fr

22


	1. Introduction
	2. Preliminaries
	3. Bounds on graphs of dominant maps
	4. Weak positivity and nefness
	5. Triviality of the relative Iitaka map
	6. Generic rigidity
	7. The proof of Maehara's theorem for maps of general type
	8. Campana's C-pairs
	References

