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Abstract. We investigate properties of the Albanese map and the fundamental group of a complex

projective variety with many rational points over some function field, and prove that every linear quotient

of the fundamental group of such a variety is virtually abelian, as well as that its Albanese map is surjective,
has connected fibres, and has no multiple fibres in codimension one.

1. Introduction

The abundance of rational points on a variety over a number field is conjectured to force the fundamental
group of the underlying topological space to exhibit various rigidity properties. Indeed, it seems reasonable
to suspect that the topological fundamental group of a smooth projective variety over a number field
with a dense set of rational points contains a finite index abelian subgroup. In this paper we verify such
expectations for varieties with a dense set of rational points over a function field of characteristic zero.

1.1. Lang’s conjectures. Let k be an algebraically closed field of characteristic zero. Lang conjectured
that varieties of general type over k satisfy certain finiteness properties (see [Lan86] and [Jav, §12]),
where we say that a proper (integral) variety X over k is of general type if for some (hence any) proper

desingularization X̃ → X we have that ωX̃ is big. To state the relevant version of Lang’s conjecture, we
follow [BJK, Jav] and introduce the class of pseudo-geometrically hyperbolic varieties.

Definition 1.1 (Pseudo-geometric hyperbolicity). A variety X over k is pseudo-geometrically hyperbolic
over k if there is a proper closed subset Z ( X such that, for every x in X(k) \ Z and every smooth
connected pointed curve (C, c) over k, the set Homk((C, c), (X,x)) of morphisms f : (C, c) → (X,x) is
finite.

We will also say that a variety X over k is geometrically hyperbolic over k if one can take Z = ∅ in the
above definition i.e., for every x in X(k) and every smooth connected pointed curve (C, c) over k, the set
Homk((C, c), (X,x)) is finite. Note that “being geometrically hyperbolic over k” means, roughly speaking,
that, for any smooth connected curve C with function field K, the variety Xk(t) over the function field k(t)
has only finitely many “pointed” K-rational points. Similarly, “being pseudo-geometrically hyperbolic” is
similar to having such a finiteness property for “pointed” rational points outside some exceptional locus Z.

The starting point of our paper is the following finiteness conjecture for varieties.

Conjecture 1.2 (Consequence of Lang’s conjectures). A projective (integral) variety X over k is of general
type if and only if it is pseudo-geometrically hyperbolic over k.

For the reader’s convenience we briefly explain how Conjecture 1.2 is related to Lang’s conjectures, as this
might be unclear to non-experts. First, Lang’s conjectures predict that a projective variety of general type is
pseudo-algebraically hyperbolic (Definition 2.4), and a simple application of Mori’s bend-and-break shows
that a pseudo-algebraically hyperbolic scheme is pseudo-geometrically hyperbolic (see Proposition 2.5).
On the other hand, a pseudo-algebraically hyperbolic variety is pseudo-groupless [JX, Proposition 5.4],
and Lang conjectured that pseudo-groupless projective varieties are of general type. In fact, the latter
conjecture also follows from combining the abundance conjecture in the MMP with “standard” conjectures
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on rational curves on Calabi-Yau varieties. For example, note that groupless surfaces are of general type
(see [JX, Lemma 3.23]).

The above consequence of Lang’s conjecture (which we simply refer to as Lang’s conjecture) is known in
dimension one, but open in dimension two. We do note that every proper pseudo-geometrically hyperbolic
surface is of general type (see [Jav, Proposition 11.7] for example); such a statement is not known currently
in dimension three. Moreover, as we show in Section 3.3, Lang’s conjecture holds for normal projective
varieties whose Albanese map is generically finite onto its image. Finally, for other non-trivial examples
for which we know Lang’s conjecture to hold we refer the reader to Section 2.1.

Lang’s conjecture is concerned with the finiteness of rational points on varieties over function fields.
We will however be interested in varieties with a lot of rational points over function fields, i.e., those that
behave “opposite” to pseudo-geometrically hyperbolic varieties. This brings us to Campana’s conjectures
on special varieties.

1.2. Campana’s conjectures. Campana’s conjectures provide a picture complementary to that of Lang’s
conjectures on rational points and entire curves on varieties of general type. To explain this, for X a
proper variety over k, we follow Campana and say that X is special (over k) if, for some (hence every)

desingularization X̃ → X, for every integer p ≥ 1 and every rank one coherent subsheaf F ⊂ ΛpΩ1
X̃

, the

Kodaira dimension of F is at most p − 1; see [Cam04, Cam11]. Roughly speaking, a variety is special
if it is as far away as possible from being of general type. Just like being of general type, this notion is
insensitive to field extensions, i.e., if L/k is an extension of algebraically closed fields of characteristic zero
and X is a proper variety over k, then X is special over k if and only if XL is special over L (see [Cam04,
Proposition 9.18]).

Before we state the version of Campana’s conjecture we are interested in, we recall his analytic and
arithmetic conjectures.

Definition 1.3. A variety X over C is Brody-special if there is a (Zariski-)dense holomorphic map C →
Xan.

Conjecture 1.4 (Campana’s analytic conjecture). A projective variety X over C is special if and only if
it is Brody-special.

A non-constant holomorphic map C→ Xan is usually referred to as an entire curve in X, and a variety
X over C is said to be pseudo-Brody hyperbolic if there is a proper (Zariski-)closed subset Z ( X such
that every entire curve C→ Xan factors over Zan. Just as positive-dimensional special varieties are as far
away as possible from being of general type, a positive-dimensional Brody-special variety is as far away
as possible from being pseudo-Brody hyperbolic. Therefore, Campana’s analytic conjecture provides a
complementary picture to the Green–Griffiths–Lang conjecture that a proper variety is of general type if
and only if it is pseudo-Brody hyperbolic. (To be precise, Green–Griffiths and Lang explicitly conjectured
that a projective variety of general type is pseudo-Brody hyperbolic. The converse statement is implicit in
Lang’s paper; see [Lan86, p. 161].)

Intuitively speaking, the existence of a dense entire curve on a positive-dimensional variety over a number
field should be equivalent to the existence of many rational points. To make this more precise, we extend
Campana’s notion of arithmetically-special variety to varieties over arbitrary algebraically closed fields of
characteristic zero.

Definition 1.5. A proper variety X over k is arithmetically-special over k if there exists a subfield K ⊂ k
which is a finitely generated field extension of Q and a model X for X over K such that X (K) is dense in
X.

The notion of “arithmetic-specialness” introduced here is slightly more general than that of Campana
who restricts himself to varieties over Q. (Note that a variety over Q is arithmetically-special in the above
sense if and only if there is a number field K ⊂ Q and a model X for X over K such that X (K) is dense.)

The arithmetic analogue of Conjecture 1.4 then reads as follows.

Conjecture 1.6 (Campana’s arithmetic conjecture). A projective variety X over k is special over k if and
only if it is arithmetically-special over k.
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A proper variety X over k is pseudo-Mordellic over k if there is a proper closed subset Z ( k such that,
for every subfield K ⊂ k which is a finitely generated field extension of Q and every model X for X over
K, the set X (K)\Z is finite. Just as positive-dimensional special varieties are as far away as possible from
being of general type, a positive-dimensional arithmetically-special variety is as far away as possible from
being pseudo-Mordellic. Therefore, Campana’s conjecture complements Lang’s conjecture that a projective
variety X over k is of general type if and only if X is pseudo-Mordellic over k.

Inspired by Campana’s analytic and arithmetic conjectures, and led by the analogy between function
fields and number fields (see for instance [Jav, Remark 11.3]), we introduce a “special” counterpart to the
notion of pseudo-geometric hyperbolicity (Definition 1.1).

Definition 1.7 (Geometrically special varieties). A variety X over k is geometrically-special over k if, for
every dense open subset U ⊂ X, there exists a smooth quasi-projective connected curve C over k, a point
c in C(k), a point u in U(k), and a sequence of morphisms fi : C → X with fi(c) = u for i = 1, 2, . . . such
that C ×X is covered by the graphs Γfi ⊂ C ×X of these maps, i.e., the closure of ∪∞i=1Γfi equals C ×X.

Note that the density of ∪∞i=1Γfi in this definition is equivalent to the density of the K(C)-rational points
of XK(C) induced by morphisms C → C × X with f(c) = (c, x). That is, roughly speaking, a variety is
geometrically-special if and only if the set of “pointed” rational points of Xk(t) is potentially dense. Thus,
intuitively speaking, to be geometrically-special is to admit an abundant set of rational points over some
function field.

Just as positive-dimensional special varieties are as far away from being of general type, a positive-
dimensional geometrically-special is as far away as possible from being pseudo-geometrically hyperbolic.
For example, a geometrically-special variety does not dominate a positive-dimensional pseudo-geometrically
hyperbolic variety (see Corollary 2.9).

Following Campana’s philosophy on special varieties, we expect that geometric-specialness coincides
with being special.

Conjecture 1.8 (Inspired by Campana). A projective variety X over k is special over k if and only if it
is geometrically-special over k.

The aim of this paper is to provide evidence for Conjecture 1.8. We stress that this conjecture fits in
well with the parellelism between Campana’s and Lang’s conjecture, as illustrated by the following table.

Lang and Campana conjectures
Notion of pseudo-hyperbolicity Notion of specialness

General type Special
Pseudo-Brody-hyperbolic Brody-special
Pseudo-Mordellic Arithmetically-special
Pseudo-geometrically-hyperbolic Geometrically-special.

Lang’s conjecture says that the four notions on the left hand side are equivalent for any projective
variety X over k, whereas Campana’s conjecture and Conjecture 1.8 predict that the four notions on the
right hand side are equivalent. Except for some particular cases (e.g,. X a closed subvariety of an abelian
variety) both conjectures are still wide open.

1.3. The Albanese map of a special variety. We will use the following terminology.

Definition 1.9. A surjective morphism f : X → Y of varieties over k is said to have no multiple fibres
in codimension one if, for every point y in Y of codimension one, the scheme-theoretic fibre Xy has an
irreducible component which is generically reduced. More concretely, if f : X → Y has no multiple fibres
in codimension one and we write Xy =

∑
F nFF , where the sum runs over all irreducible components of

Xy and nF is the multiplicity of F in Xy (see [Sta15, Tag 02QU]), then there is a component F of Xy such
that nF = 1.

Our first main result concerns the structure of the Albanese map of a geometrically-special normal
projective variety. We recall that, given a normal proper (integral) variety over k, the Albanese variety of
X is Alb(X) := (Pic0

X/k)red, and we refer the reader to [Moc12, Proposition A.6] for basic properties of the

Albanese map. (Strictly speaking, the Albanese map X → Alb(X) is associated to the choice of a point x
in X(k). However, the properties we are interested in are independent of the choice of x in X(k).)
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Theorem 1.10 (Main Result, I). If X is a normal projective geometrically-special variety over k, then the
Albanese map X → Alb(X) is surjective, has connected fibres, and has no multiple fibers in codimension
one.

Our proof of Theorem 1.10 relies on Yamanoi’s seminal work on holomorphic curves in algebraic varieties
of maximal Albanese dimension [Yam15]. In particular, although the statements are purely algebraic, we
implicitly rely on Yamanoi’s work on (complex-analytic) Nevanlinna theory.

Theorem 1.10 fits in perfectly with Conjecture 1.8 as the following result of Campana (see [Cam04,
Proposition 5.3]) shows.

Theorem 1.11 (Campana). If X is a normal projective special variety over k, then the Albanese map
X → Alb(X) is surjective, has connected fibres, and has no multiple fibres in codimension one.

We mention that, as explained in [CC16, Proposition 5.1], for X a smooth projective Brody-special
variety over C, the Albanese map X → Alb(X) is surjective, has connected fibres, and has no multiple fibres
in codimension one (see also Remark 3.27). On the other hand, for X a smooth projective arithmetically-
special variety over k, the Albanese map X → Alb(X) is surjective by Faltings’s theorem [Fal94]. In light
of Campana’s conjectures, the fibers of the Albanese map should even be connected. However, as we do not
have at our disposal any satisfying results on the finiteness of rational points for ramified covers of abelian
varieties (see [CDJ+] for recent progress nonetheless), proving this connectedness seems out of reach at the
moment.

1.4. The abelianity conjecture. For X a connected variety over C, we let π1(X) be the (topological)
fundamental group of Xan (with respect to the choice of some basepoint). Note that the étale fundamental
group πét

1 (X) of X is the profinite completion of π1(X).
Campana conjectured that the fundamental group π1(X) of a smooth projective connected special

variety over C is virtually abelian (i.e., contains a finite index abelian subgroup).

Conjecture 1.12 (Campana’s abelianity conjecture). Let X be a smooth projective connected variety over
C. Then the following statements hold.

(1) If X is special, then π1(X) is virtually abelian.
(2) If X is Brody-special, then π1(X) is virtually abelian.
(3) If X is arithmetically-special over C, then π1(X) is virtually abelian.
(4) If X is geometrically-special over C, then π1(X) is virtually abelian.

This conjecture is still open. However, under the additional assumption that π1(X) admits a faithful
linear complex representation, this conjecture is resolved in cases (1) and (2) by Campana and Yamanoi,
respectively. Their precise results are as follows (see [Cam04, Theorem 7.8] and [Yam10, Theorem 1.1]).

Theorem 1.13 (Campana). If X is a smooth projective special variety over C, then the image of any
homomorphism π1(X)→ GLn(C) is virtually abelian.

Theorem 1.14 (Yamanoi). If X is a smooth projective Brody-special variety over C, then the image of
any homomorphism π1(X)→ GLn(C) is virtually abelian.

Motivated by Conjecture 1.8, Conjecture 1.12, Campana’s theorem (Theorem 1.13), and Yamanoi’s
theorem (Theorem 1.14), we prove the following result.

Theorem 1.15 (Main Result, II). If X is a smooth projective geometrically-special variety over C, then
the image of any homomorphism π1(X)→ GLn(C) is virtually abelian.

Our final result pushes Theorem 1.15 a bit further. To state it, we follow [Yam10, p. 552] and recall
that a representation ρ : π1(X)→ GLn(C) is big if there is a countable collection of proper closed subsets
Xi ( X with i = 1, . . . such that, for every positive-dimensional subvariety Z ⊂ X containing a point of
X \ ∪∞i=1Xi, the group ρ[Im(π1(Z̃)→ π1(X))] is infinite, where Z̃ → Z is a desingularization of Z.

Theorem 1.16 (Main Result, III). Let X be a smooth projective connected variety over C with a big
representation ρ : π1(X)→ GLn(C). If X is geometrically-special, then there exists a finite étale covering
Y → X which is birationally equivalent to an abelian variety.
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The proofs of Theorem 1.15 and 1.16 rely on our structure result for the Albanese map of a geometrically-
special variety (Theorem 1.10), foundational results from Hodge theory due to Deligne, Griffiths, and
Schmid (see Lemma 4.3), as well as the recent resolution of Griffiths’s algebraicity conjectures for period
maps by Bakker-Brunebarbe-Tsimerman (see Theorem 4.4), Zuo’s results on spectral covers (see the proof
of Theorem 4.1), and the theory of Shafarevich maps (see the proof of Proposition 4.2). Arguably, the
novel technical result in our proof of Theorem 1.15 is Theorem 4.1.

1.5. Outline of paper. In Section 2 we prove basic properties of geometrically-special varieties such as the
invariance by finite étale covers (Lemma 2.11), as well as the fact that the image of a geometrically-special
variety is geometrically-special (Lemma 2.8). In Section 3 we show that abelian varieties are geometrically-
special (Proposition 3.1), and prove the structure result for the Albanese map of a geometrically-special
projective variety (Theorem 1.10) by applying Yamanoi’s results on the pseudo-hyperbolicity of ramified
covers of abelian varieties, as well as Yamanoi’s work on the pseudo-hyperbolicity of orbifold pairs on
abelian varieties (see Section 3.6). In Section 4, we prove that linear quotients of the fundamental group
of a smooth projective connected geometrically-special variety are virtually abelian.
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We are grateful to both of them for their past work without which this paper would not have existed. We
thank Philipp Habegger and Junyi Xie for telling us about Lemma 2.17. The first named author thanks
the IHES and the University of Paris-Saclay for their hospitality. Part of this work was done during the
visit of the first and second named author at the Freiburg Institute for Advanced Studies; they thank the
Institute for providing an excellent working environment. We are grateful to the referees for many useful
comments.

Conventions. Throughout this paper, we let k be an algebraically closed field of characteristic zero. A
variety over k is a finite type separated integral (i.e., irreducible and reduced) scheme over k.

If X is a variety over k and A ⊂ k is a subring, then a model for X over A is a pair (X , φ) with
X → SpecA a finite type separated scheme and φ : X ⊗A k → X an isomorphism of schemes over k. We
omit φ from our notation.

A pointed variety (over k) is a pair (V, v), where V is a variety over k and v is an element of V (k).
A pointed variety (C, c) is a pointed curve if C is pure of dimension one. We say that a pointed variety
(V, v) is smooth (resp. connected, resp. projective) if V is smooth (resp. connected, resp. projective). A
morphism (V, v)→ (V ′, v′) of pointed varieties consists of the data of a morphism f : V → V ′ of varieties
over k such that f(v) = v′.

If X is a locally finite type scheme over C, we let Xan be the associated complex-analytic space.

2. Geometrically-special varieties

Guided by the expectation that geometric-specialness coincides with Campana’s notion of specialness
(Conjecture 1.8), we will prove several basic properties of geometrically-special varieties in this section;
none of the results in this section are particularly hard to prove.

Let k be an algebraically closed field of characteristic zero. Recall that a varietyX over k is geometrically-
special over k if, for every dense open subset U ⊂ X, there exists a smooth affine connected pointed curve
(C, c), a point x in U(k), and a sequence of morphisms {fi : (C, c) → (X,u)}∞i=1 such that the closure of
∪∞i=1Γfi in C ×X equals C ×X (see Definition 1.7). We will sometimes refer to a sequence of morphisms
fi : (C, c)→ (X,u) such that the closure of ∪∞i=1Γfi equals C ×X as a covering set for X (even though it
is really a “covering” of C ×X).

Clearly, a proper variety X over k is geometrically-special over k if and only if, for every dense open
subset U ⊂ X, there exists a smooth projective connected pointed curve (C, c) over k, a point u in U(k),
and a covering set fi : (C, c) → (X,u) for X. The existence of a covering set here is in fact equivalent to
the the universal evaluation map

C ×Homk((C, c), (X,x))→ C ×X

being dominant, where Homk((C, c), (X,x)) denotes the moduli scheme of morphisms (C, c)→ (X,x) over
k; this moduli scheme is a countable union of quasi-projective varieties over k.
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Being geometrically-special is related to potential density of “pointed” rational points, as we briefly
explain in the following remark.

Remark 2.1. Let K be the function field of a smooth connected curve C over k, and let X be a variety
over K. We say that X satisfies k-pointed-potential density if, for every dense open subset U ⊂ X, there
is a point u in U , a curve D over k quasi-finite over C, a point d in D(k), and a model (X , x) for (X,x)
over D such that

Im[HomC((D, d), (X , x))→ X(K)]

is dense in X. This extends the above definition in the following sense. A variety X over k is geometrically-
special over k if and only if (the “constant” variety) X

k(t)
satisfies k-pointed-potential density.

Note that Conjecture 1.8 is concerned with isotrivial varieties over k(t). On the other hand, even in the
non-isotrivial case, it seems reasonable to supect density of “pointed rational points”; a similar conjecture
was stated for (non-pointed) rational points on non-isotrivial varieties by Campana [Cam11].

2.1. Algebraic and geometric hyperbolicity. To keep track of the “exceptional locus” of a pseudo-
geometrically hyperbolic variety (Definition 2.2), we use the notion of geometric hyperbolicity modulo a
closed subset.

Definition 2.2. Let X be a variety over k. If Z is a closed subset of X, then X is geometrically hyperbolic
modulo Z if, for every x in X(k) \ Z and every smooth connected pointed curve (C, c) over k, the set
Homk((C, c), (X,x)) is finite.

Bounding the degrees of maps from curves into a compact space forces finiteness properties of sets of
pointed maps (see [JK20] for precise statements). To make this more precise, we recall Demailly’s notion
of algebraic hyperbolicity [Dem97]; we discuss this notion further in the orbifold setting in Section 3.5.

Definition 2.3. Let X be a projective variety and let E ⊂ X be a closed subset. Then X is algebraically
hyperbolic modulo E over k if, for every ample line bundle L on X, there is a constant αX,L,E such that,
for every smooth projective connected curve C over k, and every morphism f : C → X with f(C) 6⊂ E,
the inequality

degC f
∗L ≤ αX,L,E · genus(C)

holds.

Definition 2.4. A projective variety X is pseudo-algebraically hyperbolic over k if there is a proper closed
subset E ( X such that X is algebraically hyperbolic modulo E.

We will use the following simple application of Mori’s bend-and-break (see [JX, Theorem 1.12.(2)]).

Proposition 2.5. If X is a projective pseudo-algebraically hyperbolic scheme over k, then X is pseudo-
geometrically hyperbolic over k. �

Since a positive-dimensional projective geometrically-special scheme over k is not pseudo-geometrically
hyperbolic, it follows from Proposition 2.5 that such a variety is also not pseudo-algebraically hyperbolic.

For the reader’s convenience, we give several examples of pseudo-geometrically hyperbolic varieties. For
example, if X is a proper Brody hyperbolic variety over C, then X is geometrically hyperbolic over C (see
[Kob98, Theorem 5.3.10]), and even algebraically hyperbolic [Dem97]. In the non-compact case, if X is a
smooth affine variety which admits a hyperbolic embedding [Kob98, Chapter 3.3], then X is geometrically
hyperbolic (see [JLa, Theorem 1.7]). Furthermore, if X is a smooth projective connected surface of general
type with c21 > c2, then the projective surface X is pseudo-algebraically hyperbolic (and thus pseudo-
geometrically hyperbolic) by Bogomolov’s theorem [Bog77]. Finally, examples of geometrically hyperbolic
moduli spaces of polarized varieties are given in [JLb, JSZ].

2.2. Birational invariance. The notions of being special, Brody-special, and arithmetically-special are
“birational”. We now show that the same holds for being geometrically-special (see Lemma 2.8).

Lemma 2.6 (Going up). Let X → Y be a proper birational morphism of varieties over k. If Y is
geometrically-special over k, then X is geometrically-special.
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Proof. Let y ∈ Y be a point not contained in the exceptional locus of X → Y for which we can choose a
pointed curve (C, c) and a covering set fi : (C, c)→ (Y, y). Let x ∈ X be the unique point of X lying over
y. Then, as y is not contained in the exceptional locus of the proper morphism X → Y , we have that each
fi lifts uniquely to a map gi : (C, c)→ (X,x). It is clear that these maps form a covering set for (X,x), i.e.,
the union of the graphs Γgi in C ×X is dense in X. Clearly, this implies that X is geometrically-special
over k. �

Lemma 2.7 (Going down). Let f : X → Y be a surjective morphism of varieties over k. If X is
geometrically-special over k, then Y is geometrically-special over k.

Proof. Let V ⊂ Y be a dense open subset, and let U := f−1(V ). Since X is geometrically-special over k,
there is a pointed curve (C, c) over k, a point u in U(k), and a covering set fi : (C, c) → (X,x). Define
v := f(u), and gi := f ◦ fi. Then gi(c) = v and C × Y is covered by the graphs of the maps gi, so that
the gi : (C, c) → (Y, v) form a covering set for Y . We conclude that Y is geometrically-special over k, as
required. �

Lemma 2.8. Let X 99K Y be a dominant rational map of proper varieties over k. Then the following
statements hold.

(1) If X is special, then Y is special.
(2) Assume k = C. If X is Brody-special, then Y is Brody-special.
(3) If X is arithmetically-special over k, then Y is arithmetically-special over k.
(4) If X is geometrically-special over k, then Y is geometrically-special over k.

Proof. Note that (1) is due to Campana [Cam04], and that (2) and (3) are obvious. To prove (4), let Z → X
be a proper birational surjective morphism such that the composed rational map Z → X 99K Y is a (proper
surjective) morphism. First, as X is geometrically-special over k, it follows that Z is geometrically-special
(Lemma 2.6). Then, as Z is geometrically-special over k and Z → Y is surjective, we conclude that Y is
geometrically-special over k (Lemma 2.7). �

Corollary 2.9. Let X 99K Y be a dominant rational map of proper varieties. If dimY ≥ 1 and X is
geometrically-special over k, then Y is not pseudo-geometrically hyperbolic over k.

Proof. By Lemma 2.8.(4) we have that Y is geometrically-special. This proves the corollary, as a positive-
dimensional geometrically-special variety is not pseudo-geometrically hyperbolic. �

2.3. Finite étale maps. The fact that specialness is preserved under taking finite étale covers was proven
by Campana. The corresponding result for geometrically-special varieties requires a well-known finiteness
result for finite étale covers of varieties. Note that, in this paper, the following finiteness result is only used
in the case that X is a curve (in which case it is easier to prove); we include the more general statement
for the sake of future reference.

Lemma 2.10 (Finiteness). Let d ≥ 1 be an integer, and let X be a variety over k. Then, the set of
X-isomorphism classes of finite étale morphisms Y → X of degree d is finite.

Proof. We may and do assume that k = C. Then, the result follows from the fact that the (topological)
fundamental group π1(X) of X is finitely generated (see [Gro72, Exposé II, Théorème 2.3.1]). �

Lemma 2.11. Let π : X → Y be a finite étale morphism of varieties over k. Then X is geometrically-
special over k if and only if Y is geometrically-special over k.

Proof. Assume that X is geometrically-special over k. Since π : X → Y is surjective, it follows from
Lemma 2.8 that Y is geometrically-special over k.

Conversely, assume that Y is geometrically-special over k. Let U ⊂ X be a dense open subset such that
π|U : U → π(U) is finite étale of degree deg π. Let y be a point in the open subset π(U) of Y for which we
can choose a covering set fi : (C, c)→ (Y, y) with i = 1, 2, . . .. For each i, consider the Cartesian diagram

Di

pi

��

// X

π

��
C

fi

// Y
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Since pi is a finite étale (surjective) morphism of degree at most deg(π), the set of isomorphism classes of
the curves Di is finite (Lemma 2.10). Thus, replacing the fi by a suitable subsequence if necessary, we
see that there is a point x in π−1{y}, a smooth connected pointed curve (D, d) over k, and a covering set
gi : (D, d)→ (X,x).

Now, to show that X is geometrically-special over k, let U ⊂ X be a dense open. Choose a dense open
U ′ ⊂ U such that πU ′ : U ′ → π(U ′) is finite étale of degree deg π. Then, we have shown that there is a
point x in U ′ ⊂ U , a smooth connected pointed curve (D, d) over k, and a covering set gi : (D, d)→ (X,x).
This concludes the proof. �

Lemma 2.11 fits in well with Campana’s conjectures, as the following proposition shows (included for
the sake of completeness).

Proposition 2.12. Let Y → X be a finite étale morphism of proper varieties over k. Then the following
statements hold.

(1) The variety Y is special over k if and only if X is special over k.
(2) If k = C, then Y is Brody-special if and only if X is Brody-special.
(3) Y is arithmetically-special over k if and only if X is arithmetically-special over k.
(4) Y is geometrically-special over k if and only if X is geometrically-special over k.

Proof. Note that (1) follows from [Cam04, Theorem 5.12], and that (2) is obvious. Moreover, a stan-
dard “Chevalley-Weil” type argument shows that X is arithmetically-special over k if and only if Y is
arithmetically-special over k (see for example [JLb, Lemma 8.2]). This proves (3). Finally, (4) follows from
(the more general) Lemma 2.11. �

2.4. Products. It is not hard to see that if X and Y are arithmetically-special over k, then X × Y is
arithmetically-special over k. Moreover, if k = C and X and Y both admit a dense entire curve, say
f : C → Xan and g : C → Xan, then (f, g) : C2 → X × Y has Zariski dense image. Thus, if C → C2 is a
metrically-dense entire curve, then the composed map C ⊂ C2 → X×Y is a dense entire curve. Therefore,
if X and Y are Brody-special, then X × Y is Brody-special. Finally, if X and Y are smooth projective
special varieties over k, then X×Y is special by a theorem of Campana [Cam04]. This “product property”
also holds for geometrically-special varieties.

Lemma 2.13. Let X and Y be geometrically-special varieties over k. Then X×Y is a geometrically-special
variety over k.

Proof. Let gi : (C1, c1) → (X,x) and hi : (C2, c2) → (Y, y) be a covering set for X and Y , respectively. If
i ≥ 1 and j ≥ 1, consider

fi,j : (C1 × C2, (c
′
c))→ (X × Y, (x, y)), fi,j(a, b) = (gi(a), hj(b)).

Note that the (countable) union of the graphs ∪i,jΓfi,j of the morphisms fi,j is dense in C1 × C2 × X.
Let C ⊂ C1 × C2 be a smooth connected very ample divisor containing (c, c′). Then each morphism
fi,j |C : C → X ×Y maps (c, c′) to (x, y), and the union of their graphs is dense in C×X. This shows that
X × Y is geometrically-special over k. �

2.5. Rationally connected varieties. A smooth projective variety over k is rationally connected if
any two general points p, q on X can be connected by a chain of rational curves (see [Deb01, Defini-
tion 4.3]) Campana showed that such a variety is special (see [Cam04]), and a recent theorem of Campana-
Winkelmann shows that a rationally connected smooth projective variety is Brody-special. It is straight-
forward to verify that such a variety is geometrically-special, as we show now.

Proposition 2.14. If X is a smooth projective rationally connected variety over k, then X is geometrically-
special over k.

Proof. Note that, there is a dense open subset U ⊂ X such that, for every x in U(k), the image of the
evaluation morphism

ev∞ : Hom((P1
k, 0), (X,x))→ X, f 7→ f(∞)
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contains U , and is thus dominant. By composing with an appropriate automorphism of P1
k, it follows that,

for every c 6= 0 in P1(k), the evaluation morphism

evc : Hom((P1
k, 0), (X,x))→ X, f 7→ f(c)

is dominant. This implies that, for every x in U(k), there is a covering set fi : (P1
k, 0) → (X,x) for X, so

that X is geometrically-special over k, as required. �

It is not known whether a rationally connected smooth projective variety is arithmetically-special. In
fact, this is open even for Fano varieties; see [Has03] for a survey of some known results.

2.6. The case of curves. The conjectures of Campana and Lang are fully understood in the case of
curves (unless one looks at orbifold curves). We state part of the optimal statement below. Note that we
do not use this result, and that it is superseded by more general results on closed subvarieties of abelian
varieties (see Theorem 3.5).

Theorem 2.15. Let X be a smooth projective curve over k. Then the following statements are equivalent.

(1) The curve X is of general type over k (i.e., genus(X) > 1).
(2) The curve X is not special over k.
(3) The curve X is geometrically hyperbolic over k.
(4) The curve X is not geometrically special over k.

Proof. The equivalence of (1) and (2) for curves is well-known. The other implications follow from the
definitions and the finiteness theorem of De Franchis (which says that, given smooth projective curves C
and D with D of general type, the set of non-constant morphism C → D is finite.) �

2.7. Reducing to the field of complex numbers. Let L/k be an extension of algebraically closed fields
of characteristic zero. If X is geometrically-special over k, then XL is obviously geometrically-special over
L. The converse is probably true, but not clear to us.

Related to this is the following simple lemma which allows us to reduce certain proofs to varieties over
C (see, for example, our proof of Theorem 1.10).

Lemma 2.16. Let X be a geometrically-special variety over k. Then, there is a countable algebraically
closed subfield k0 ⊂ k, and a variety X0 over k0 with an isomorphism X0,k

∼= X such that X0 is
geometrically-special over k0.

Proof. By definition, there is a dense subset S′ ⊂ X(k) such that, for every x in S′, there is a pointed curve
(Cx, cx) (which depends on x) and a covering set (fx,i : (Cx, cx) → (X,x))i. Let S ⊂ S′ be a countable
dense subset (see Lemma 2.17 below).

For each x ∈ S, we choose a countable algebraically closed subfield kx ⊂ k such that (Cx, cx) can be
defined over kx, the variety X can be defined over kx, the point x can be defined over kx, and the covering
set (fi,x : (Cx, cx) → (X,x))i can be defined over kx. (Note that kx might not have finite transcendence
degree, because we are descending a countably infinite amount of data.) Let k0 be the algebraic closure
(in k) of the union ∪xkx of the countably many countable subfields kx of k. Note that k0 is countable of
characteristic zero and that X has a model, say X0, over k0 which by construction is geometrically-special
over k0. �

Lemma 2.17. Let X be a variety over k, and let S ⊂ X(k) be a dense subset. Then S contains a countable
dense subset.

Proof. Let d := dim(X). For any closed subset Z ⊂ X, let the i-th entry of d(Z) ∈ Nd+1
0 denote the

number of irreducible components of Z of dimension i. If Z ′ is closed in X and Z ( Z ′, then d(Z) ≺ d(Z ′)

with ≺ the lexicographic order on Nd+1
0 .

Let N := {d(Σ) | Σ ⊂ S countable}. For each n ∈ N , choose a countable subset Σn ⊂ S with d(Σn) = n.
Let A := ∪nΣn. Then, as a countable union of countable sets is countable, we have that d(A) ∈ N . Also,
for every n in N , we have

n = d(Σn) ≺ d(A).

If A 6= X, then there is an x ∈ (X \ A)(k) which also lies in S, so that d(A) ≺ d(A ∪ {x}) ∈ N . This is a
contradiction. Therefore, we conclude that A = X, so that ∪nΣn is dense in X, as required. �
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3. Albanese maps

In this section we prove that the Albanese map of a geometrically-special normal projective variety is
surjective, has connected fibers, and has no multiple fibers in codimension one; see Theorem 1.10 for a
precise statement.

3.1. Abelian varieties are special. We start by showing that abelian varieties are special in any sense of
the word “special”. We give a bit of an ”overkill” proof of the fact that abelian varieties are geometrically-
special (see Remark 3.2) for a more elementary proof.

Proposition 3.1. If A is an abelian variety over k, then A is special over k, arithmetically-special over
k, and geometrically-special over k.

Proof. The fact that A is special over k was shown by Campana [Cam04]. By a theorem of Frey–Jarden
[FJ74] (see [Jav18, §3.1]), there is a subfield K ⊂ k which is a finitely generated field extension of Q and a
model A for A over K such that A(K) is dense in A. This shows that A is arithmetically-special over k.
Finally, to conclude the proof, let us show that A is geometrically-special over k.

First, by Poincaré’s irreducibility theorem, the abelian variety A is isogenous to a finite product of simple
abelian varieties. Therefore, by Lemma 2.11 and Lemma 2.13, we may and do assume that A is simple. To
prove the proposition, let 0 denote the origin of A. Since any point of A(k) can be translated to 0, it suffices
to show that there is a smooth connected pointed curve (C, c) and a covering set fi : (C, c)→ (A, 0).

If dimA = 1 (so that A is an elliptic curve), define C := A, c = 0, and note that the graphs Γn of the
morphism (multiplication by n) [n] : C → A form a covering set which send 0 to 0.

If dimA ≥ 2, let C ⊂ A be a smooth irreducible curve containing c := 0. Since A is simple, we have that
C is of genus at least two. In particular, by Raynaud’s theorem (formerly the Manin-Mumford conjecture)
[Oes85, Ray83], almost all points of C(k) are non-torsion. As A is simple, any non-torsion point of A is
non-degenerate (i.e., the subgroup generated by such a point is dense in A). Now, define fn : C → A by
fn(c) = n · c. Then fn(0) = 0 and, as C contains a dense set of non-degenerate points, the union of the
graphs Γfn is dense in C ×A. This shows that A is geometrically-special over k, as required. �

Remark 3.2 (Referee). A referee has pointed out to us that one does not need Manin-Mumford to prove
that an abelian variety A is geometrically-special. Indeed, in the proof above, we only use that there exists
a curve C ⊂ A which contains infinitely many non-torsion points of A. To construct such a curve, one can
use that the height of the set of torsion points on A is bounded (with respect to any fixed embedding of A
into a projective space).

Proposition 3.3. If A is an abelian variety over C, then A is Brody-special.

Proof. Let C→ CdimA be a metrically-dense holomorphic map. If CdimA → Aan is the exponential, then
the image of the composed map C→ CdimA → Aan is Zariski-dense. �

3.2. Surjectivity of the Albanese map. For a closed subvariety V of an abelian variety A, we let
Sp(V ) be the union of translates of positive-dimensional abelian subvarieties of A contained in V . Recall
Kawamata-Ueno’s theorems that Sp(V ) is a closed subscheme of V , and that Sp(V ) 6= V if and only if V
is of general type. We now deduce from Yamanoi’s work that V is geometrically hyperbolic modulo Sp(V ).

Theorem 3.4 (Yamanoi). Let A be an abelian variety over k. Let X ⊂ A be a closed subvariety of A.
Then X is geometrically hyperbolic modulo Sp(X).

Proof. Let ∆geom−hyp
X be the intersection over all closed subsets ∆ ⊂ X such that X is geometrically

hyperbolic modulo ∆ (as defined in [Jav, Section 11]). Then, by Yamanoi’s theorem [Jav, Theorem 13.1]
(which is a consequence of the original [Yam15, Corollary 1.1 and Corollary 1.3]), we have that Sp(X) =

∆geom−hyp
X . �

Theorem 3.5 (Bloch-Ochiai-Kawamata, Faltings, Ueno, Yamanoi). Let A be an abelian variety over k.
Let X ⊂ A be a closed integral subvariety. Then the following are equivalent.

(1) The variety X is the translate of an abelian subvariety of A.
(2) The variety X is special.
(3) If k = C, the variety X is Brody-special.
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(4) The projective variety X is arithmetically-special over k.
(5) The variety X is geometrically-special over k.

Proof. The implications (1) =⇒ (2), (1) =⇒ (3), (1) =⇒ (4), and (1) =⇒ (5) follow from Proposition
3.1 and Proposition 3.3.

We show that (5) =⇒ (1). Assume (5) holds, and consider the Ueno fibration f : X → Y (see [Uen75,
Chapter IV, Theorem 10.9]); recall that this is a surjective morphism whose fibres are abelian varieties
and that Y is a variety of general type which can be embedded into an abelian variety. Since Y is of
general type and can be embedded into an abelian variety, it follows from Kawamata-Ueno’s theorem that
Sp(Y ) 6= Y , so that Yamanoi’s theorem (Theorem 3.4) implies that Y is pseudo-geometrically hyperbolic.
However, since X is geometrically-special and dominates the pseudo-geometrically hyperbolic variety Y ,
we have that Y is zero-dimensional (Corollary 2.9). Therefore, X must be the translate of an abelian
subvariety of A.

The fact that (2) =⇒ (1) follows directly from Ueno’s fibration theorem. One can show (3) =⇒ (1)
and (4) =⇒ (1) by replacing Yamanoi’s theorem above with Bloch-Ochiai-Kawamata [Kaw80] and Faltings
[Fal94], respectively. �

Corollary 3.6. If X is a geometrically-special normal proper variety over k, then the Albanese map
X → Alb(X) is surjective.

Proof. Note that the image of X in Alb(X) is geometrically-special (Lemma 2.8). Moreover, by Theorem
3.5, any geometrically-special closed (integral) subvariety of Alb(X) is the translate of an abelian subvariety.
This implies that the image of X → Alb(X) is the translate of an abelian subvariety which, by the universal
property of Albanese maps, must equal Alb(X). �

An important structure result for the Albanese map of a geometrically-special variety in the study of
its fundamental group is the following corollary.

Corollary 3.7. If X is a geometrically-special normal projective variety over k and Y → X is a finite
étale morphism, then the Albanese map of Y is surjective.

Proof. By Lemma 2.11, we have that Y is geometrically-special. Since Y is a geometrically-special normal
projective variety, its Albanese map is surjective (Corollary 3.6). �

Note that Corollary 3.7 implies that the augmented irregularity of a geometrically-special normal pro-
jective variety over k is bounded from above by dim(X).

3.3. Connectedness of the fibres. By using Kawamata’s extension of the Ueno fibration theorem for
closed subvarieties of abelian varieties to finite covers of abelian varieties [Kaw81, Theorem 23] and Ya-
manoi’s recent work on the hyperbolicity of covers of abelian varieties, we can show that the Albanese map
of a geometrically-special variety has connected fibres. We start with stating Kawamata’s result.

Theorem 3.8 (Kawamata). Let X be a normal projective variety over k and let X → A be a finite
morphism. Then the following data exist.

(1) An abelian subvariety B of A;
(2) finite étale Galois covers X ′ → X and B′ → B;
(3) a normal projective variety Y over k of general type;
(4) a finite morphism Y → A/B with A/B the quotient of A by B such that X ′ is a fiber bundle over

Y with fibers B′ and with translations by B′ as structure group.

Proof. See [Kaw81, Theorem 23]. �

We follow Yamanoi and say that a normal projective variety over k is of maximal Albanese dimension if
the Albanese morphism Y → Alb(Y ) is generically finite onto its image. The additional ingredient we need
for proving the connectedness of the fibres of the Albanese map is Yamanoi’s work on the hyperbolicity of
varieties with maximal Albanese dimension (which builds on Theorem 3.4) .

Theorem 3.9. Let Y be a normal projective variety of general type over k. If Y is of maximal Albanese
dimension, then Y is pseudo-algebraically hyperbolic and pseudo-geometrically hyperbolic over k.
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Proof. As a pseudo-algebraically hyperbolic projective variety is pseudo-geometrically hyperbolic (Propo-
sition 2.5), it suffices to show that Y is pseudo-algebraically hyperbolic over k. To do so, by a standard
specialization argument (see for instance [BJK, Lemma 9.2]), we may and do assume that k = C. Then,
the statement follows from [Yam15, Corollary 1.(1) and Corollary 1.(3)]. �

Corollary 3.10. Let X be a normal proper variety over k of maximal Albanese dimension. Then the
following statements are equivalent.

(1) The Albanese map a : X → Alb(X) is birational.
(2) The variety X is special.
(3) The variety X is geometrically-special over k.

Proof. By Proposition 3.1 and the birational invariance of geometric-specialness (resp. specialness) (see
Lemma 2.8), we have that (1) =⇒ (2) and (1) =⇒ (3).

Now, assume that X is geometrically-special (resp. special). Then, by Corollary 3.6 (resp. Theorem
1.11), the Albanese map a : X → Alb(X) is surjective. Let X → Z → Alb(X) be its Stein factorization;
note that Z is a normal variety over k and that Z → Alb(X) is a finite surjective morphism. Since X
is geometrically-special (resp. special) and X → Z is surjective, it follows from Lemma 2.8 that Z is
geometrically-special (resp. special) . We now apply Kawamata’s fibration theorem (Theorem 3.8) and see
that the following data exists.

(1) An abelian subvariety B of A;
(2) finite étale Galois covers Z ′ → Z and B′ → B;
(3) a normal projective variety Y of general type over k;
(4) a finite morphism Y → A/B with A/B the quotient of A by B such that Z ′ is a fiber bundle over

Y with fibers B′ and with translations by B′ as structure group.

Since Y is of general type, it follows from Yamanoi’s theorem (Theorem 3.9) that Y is pseudo-geometrically
hyperbolic over k.

Now, since Z is geometrically-special (resp. special) and Z ′ → Z is finite étale, it follows from Proposition
2.12 that Z ′ is geometrically-special (resp. special). Since Z ′ is geometrically-special (resp. special) and
surjects onto the variety Y , it follows from Lemma 2.8 that Y is also geometrically-special (resp. special).
Thus, since Y is a geometrically-special pseudo-geometrically hyperbolic projective variety (resp. special
variety of general type), we conclude that Y is zero-dimensional. This implies that Z ′ = B′ is an abelian
variety, so that the composed (finite surjective) morphism Z ′ → Z → Alb(X) is finite étale. We conclude
that Z → Alb(X) is finite étale, so that Z is an abelian variety [Mum08, Section IV.18]. It now follows
from the universal property of the Albanese map that Z = Alb(X), so that the morphism X → Alb(X)
has connected fibres. Finally, since X has maximal Albanese dimension and the morphism X → Alb(X)
is surjective with connected fibres, we conclude that it is birational. This proves that (3) =⇒ (1) (resp.
(2) =⇒ (1)). �

Corollary 3.11. If X is a geometrically-special normal projective variety over k, then the Albanese map
X → Alb(X) is surjective and has connected fibres.

Proof. Let a : X → Alb(X) be the Albanese map. Since X is geometrically-special, the (proper) morphism
a is surjective (Corollary 3.6). Let X → Z → Alb(X) be its Stein factorization; note that Z is a normal
geometrically-special projective variety over k and that Z → Alb(X) is a finite surjective morphism.
Clearly, Z has maximal Albanese dimension, so that Z → Alb(X) is birational by Corollary 3.10, and thus
an isomorphism by Zariski’s Main Theorem, as required. �

To complete the proof of Theorem 1.10, it remains to show that the Albanese map X → Alb(X)
of a geometrically-special variety X has no multiple fibers in codimension one. To prove this fact, we
introduce geometrically-special orbifold pairs and the orbifold extension of Demailly’s notion of algebraic
hyperbolicity.

3.4. Orbifold pairs. A Q-divisor ∆ on a smooth projective variety X over k is an orbifold divisor (on X)
if ∆ =

∑r
i=1(1 − 1

mi
)∆i, where m1, . . . ,mr ≥ 1 are rational numbers and ∆1, . . . ,∆r are prime divisors;

the rational number mi is referred to as the multiplicity of ∆i in ∆. A pair (X,∆) with X a smooth
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projective variety over k and ∆ =
∑r
i=1 ai∆i a Q-divisor with 0 ≤ ai ≤ 1 is an orbifold (or orbifold-pair).

Note that ∆ is an orbifold divisor on X in this case.
Let (X,∆X) and (Y,∆Y ) be orbifold pairs. We let mX and mY be the multiplicities of ∆X and ∆Y ,

respectively. (In particular, for a prime divisor ∆i ⊂ X contained in the support of ∆X , the rational
number mX(∆i) is the multiplicity of ∆i in ∆X .) We define an orbifold morphism (Y,∆Y )→ (X,∆X) to
be a morphism f : Y → X of varieties over k such that f(Y ) 6⊂ d∆Xe and, for every prime divisor D on
X and prime divisor E on Y , the inequality t ·mY (E) ≥ mX(D) holds, where t is defined by the relation
f∗(D) = t · E +R with R an effective divisor not containing E.

Following standard conventions, we will identify a smooth projective variety X with the orbifold (X, 0),
where 0 is the empty divisor.

In [Cam11], Campana extended the notions of special variety (resp. Brody-special variety) to the setting
of orbifold pairs, and then conjectured that an orbifold pair (X,∆) over C is Brody-special if and only
if it is special. He also extended the notion of arithmetically-special variety to the orbifold setting, and
formulated the orbifold analogue of his arithmetic conjecture (Conjecture 1.6). In this section we extend
the notions of geometrically-special and pseudo-geometric hyperbolicity to the setting of orbifold pairs.

Definition 3.12. An orbifold pair (X,∆) is geometrically-special over k if, for every dense open subset
U ⊂ X, there exists a smooth projective connected curve C over k, a point c in C(k), a point u in U(k)\∆,
and a sequence of pairwise distinct orbifold morphisms fi : C → (X,∆) with fi(c) = u for i = 1, 2, . . . such
that C ×X is covered by the graphs Γfi of these maps, i.e., the closure of ∪∞i=1Γfi in C ×X equals C ×X.
(As mentioned above, we identify C with the orbifold (C, 0).)

Remark 3.13. Let X be a smooth projective connected variety over k and let D be an integral divisor. For
m ∈ Z≥1, define ∆m := (1− 1

m )D and Xm := (X,∆m). Then the orbifold pair X1 is geometrically-special
over k if and only if X is geometrically-special. Moreover, for all m ≥ 1, we have that

Xm is geometrically-special =⇒ Xm−1 is geometrically-special

By adapting the proof of Lemma 2.7 to the orbifold setting, one obtains the following stronger statement.

Lemma 3.14. Let (X,∆)→ (X ′,∆′) be a surjective morphism of orbifold pairs. If (X,∆) is geometrically-
special over k, then (X ′,∆′) is geometrically-special over k. �

A geometrically-special orbifold pair is as far away as possible from being “pseudo-geometrically hyper-
bolic” in the following sense (generalizing Definition 2.2).

Definition 3.15. If (X,∆) is an orbifold pair over k and Z ⊂ X is a closed subset containing ∆, then
(X,∆) is geometrically hyperbolic modulo Z if, for every x in X(k) \Z, every smooth projective connected
curve C over k, and every c in C(k), the set of orbifold morphisms f : C → (X,∆) with f(c) = x is finite.
We say that an orbifold pair (X,∆) over k is pseudo-geometrically hyperbolic over k if there is a proper
closed subset Z ( X containing ∆ such that (X,∆) is geometrically hyperbolic modulo Z.

3.5. Pseudo-algebraic hyperbolicity. We have already seen the relation between pseudo-geometric
hyperbolicity and pseudo-algebraic hyperbolicity (see Proposition 2.5). In this section we extend this
relation to the orbifold setting following [Rou10, Rou12].

Definition 3.16. Let (X,∆) be an orbifold pair, and let E ⊂ X be a closed subset. Then (X,∆) is
algebraically hyperbolic modulo E over k if, for every ample line bundle L on X, there is a constant
αX,∆,L,E such that, for every smooth projective connected curve C over k, and every orbifold morphism
f : C → (X,∆) with f(C) 6⊂ ∆ ∪ E, the inequality

degC f
∗L ≤ αX,∆,L,E · genus(C)

holds.

Remark 3.17 (Independence of choice of ample bundle). Let (X,∆) be an orbifold pair over k, and
let E ⊂ X be a closed subset. Then (X,∆) is algebraically hyperbolic modulo E over k if and only if
there exists an ample line bundle L on X and a constant αX,∆,L,E such that, for every smooth projective
connected curve C over k, and every orbifold morphism f : C → (X,∆) with f(C) 6⊂ E, the inequality
degC f

∗L ≤ αX,∆,L,E · genus(C). holds.
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Remark 3.18 (A big line bundle suffices). An orbifold pair (X,∆) over k is pseudo-algebraically hyperbolic
over k if and only if there exist a big line bundle L on X, a proper closed subset E ⊂ X, and a constant
αX,∆,L,E such that, for every smooth projective connected curve C over k, and every orbifold morphism
f : C → (X,∆) with f(C) 6⊂ E, the inequality degC f

∗L ≤ αX,∆,L,E · genus(C) holds. To prove this, write
L = A+ F with A ample and F effective. Note that F contains the augmented base locus of L. Then, by
Remark 3.17, we have that (X,∆) is algebraically hyperbolic modulo the proper closed subset E ∪ F .

The following proposition generalizes Proposition 2.5 to the setting of orbifold pairs under the additional
assumption that the rational curves on the space X are contained in a proper closed subset.

Proposition 3.19. Let (X,∆) be an orbifold pair and let E ⊂ X be a closed subset such that every non-
constant morphism P1

k → X factors over E. If (X,∆) is algebraically hyperbolic modulo E, then (X,∆) is
geometrically-hyperbolic modulo E.

Proof. We may and do assume that E 6= X. Suppose that (X,∆) is not geometrically-hyperbolic modulo E.
Then, we can choose a smooth proper connected curve C over k, a point c ∈ C(k), a point x ∈ X(k)\E∪∆,
and an infinite sequence of orbifold morphisms fi : C → (X,∆) with fi(c) = x. Note that, as x ∈ X(k)\E,
we have that fi(C) 6⊂ E. Therefore, if L is an ample line bundle, since X is algebraically-hyperbolic modulo
E, there is a real number α depending only on X,∆, E, L such that, for every i = 1, 2, . . ., the inequality

degC f
∗
i L ≤ α · genus(C)

holds. Thus, replacing (fi)
∞
i=1 by a suitable subsequence if necessary, we may and do assume that d :=

degC f
∗
i L is independent of i. Then, the component Homd

k((C, c), (X,x)) parametrizing pointed morphisms
(C, c) → (X,x) over k of degree d is a positive-dimensional variety over k (as it is quasi-projective and
has infinitely many elements). This implies by Mori’s bend-and-break that X has a rational curve passing
through x (see [Deb01, Proposition 3.1]), contradicting the fact that every rational curve in X is contained
in E. �

Definition 3.20. An orbifold pair (X,∆) is pseudo-algebraically hyperbolic over k if there is a proper
closed subset E ( X containing ∆ such that (X,∆) is algebraically hyperbolic modulo E.

3.6. Lang’s conjecture for orbifold divisors on abelian varieties. The following result of Yamanoi
confirms the expectation that abelian varieties endowed with a big orbifold divisor are pseudo-algebraically
hyperbolic in the orbifold sense.

Theorem 3.21 (Yamanoi). Let ∆ be a big orbifold divisor on an abelian variety A over k. Then, the
orbifold pair (A,∆) is pseudo-algebraically hyperbolic over k.

Proof. We may and do assume that k = C. Let us show how the result follows from Yamanoi’s theorem
[Yam15, Corollary 2].

Write ∆ =
∑r
i=1

(
1− 1

mi

)
Di, where m1, . . . ,mr > 1 are rational numbers and D1, . . . , Dr are integral

divisors, respectively. Let L be an ample line bundle on A. Now, since ∆ is big, we may choose a rational
number ε > 0 and an effective divisor F such that ∆− F − εL is ample, so that ∆− εL is big.

With these choices made, we now apply Yamanoi’s theorem [Yam15, Corollary 2] to the integral divisors
Di and see that, for every i = 1, . . . , r, there is a proper closed subset Ei := Σ(A,Di, L) and a positive
real number ai = ai(A,Di, L) such that, for every smooth projective connected curve C over k and every
morphism of orbifold pairs f : C → (A,∆) with f(C) 6⊂ Ei ∪∆, the inequality

deg f∗Di ≤ #f−1(Di) + ai · genus(C) +
ε

r
deg f∗L

holds. Since f : C → (A,∆) is a morphism of orbifold pairs, we have that

#f−1(Di) ≤
1

mi
deg f∗Di.

This implies, for every i = 1, . . . , r, that

deg f∗Di ≤
1

mi
deg f∗Di + ai · genus(C) +

ε

r
deg f∗L.



ALBANESE MAPS AND FUNDAMENTAL GROUPS OF GEOMETRICALLY-SPECIAL VARIETIES 15

Thus, for every morphism of orbifold pairs f : C → (A,∆) with f(C) 6⊂ ∪ri=1Ei ∪∆,
r∑
i=1

(
deg f∗Di −

1

mi
deg f∗Di

)
≤

r∑
i=1

(
ai · genus(C) +

ε

r
deg f∗L

)
.

Defining a :=
∑r
i=1 ai, we obtain that

deg f∗(∆− εL) ≤ a · genus(C).

Since ∆ − εL is big, we conclude that (A,∆) is algebraically hyperbolic modulo E (Remark 3.18), as
required. �

Theorem 3.22 (Yamanoi + ε). Let ∆ be a big orbifold divisor on an abelian variety A over k. Then, the
orbifold pair (A,∆) is pseudo-geometrically-hyperbolic over k.

Proof. By Yamanoi’s theorem (Theorem 3.21), we have that (A,∆) is pseudo-algebraically hyperbolic over
k. Therefore, as A has no rational curves, the result follows from Proposition 3.19. �

Theorem 3.24 below provides a converse to Theorem 3.22 and may be considered as a version of Lang’s
conjecture (Conjecture 1.2) for orbifold pairs on abelian varieties. We include it for the sake of future
reference.

Lemma 3.23. Let (X,∆) be an orbifold pair over k, and let E ⊂ X be a proper closed subset. If (X,∆)
is geometrically hyperbolic modulo E over k and A is an abelian variety over k, then every non-constant
orbifold morphism A→ (X,∆) factors over E.

Proof. Let ϕ : A → (X,∆) be a non-constant orbifold morphism. Let 0 ∈ A be the origin and assume
ϕ(0) 6∈ E. Let X ′ = ϕ(A), and note that X ′ is geometrically hyperbolic modulo the proper closed subset
E′ := E ∩X ′. Since A is geometrically-special (Proposition 3.1), it follows that X ′ is geometrically-special
(Lemma 2.7). Since X ′ is geometrically-special and pseudo-geometrically hyperbolic, we conclude that X ′

is zero-dimensional (Corollary 2.9), so that ϕ is constant, as required. �

Theorem 3.24. Let ∆ be an orbifold divisor on an abelian variety A over k. Then, the orbifold pair
(A,∆) is of general type if and only if (A,∆) is pseudo-geometrically hyperbolic over k.

Proof. Since ωA = OA, the orbifold pair (A,∆) is of general type if and only if ∆ is big. Thus, if (A,∆) is
of general type, then (A,∆) is pseudo-geometrically hyperbolic over k by Theorem 3.22.

Conversely, assume that (A,∆) is not of general type. Let E ⊂ A be a closed subset such that (A,∆)
is geometrically hyperbolic modulo E. To conclude the proof, it suffices to show that E = A.

Note that ∆ is not big. Let ∆′ be a non-big component of ∆. (As the sum of big divisors is big,
such a component exists.) Then, we have a non-zero abelian variety B, a homomorphism f : A → B,
and a big orbifold divisor D on B such that ∆′ ⊂ f−1(Supp(D)). Thus, for every t in B \ D, the
fibre At of f : A → B is a positive-dimensional abelian subvariety of A. Note that, as At and ∆′ are
disjoint, we have that the natural inclusion At → A \∆′ induces an orbifold inclusion At ⊂ (A,∆′). Since
(A,∆′) is geometrically hyperbolic modulo E, by Lemma 3.23, the inclusion At ⊂ A factors over E. This
implies that the induced morphism E → B is dominant with general fibres of dimension dimAt, so that
dimE = dimAt + dimB = dimA. This implies that E = A, as required. �

3.7. The Albanese map has no multiple fibres. In this section we complete the proof of our main
result on the Albanese map of a geometrically-special normal projective variety (Theorem 1.10). To prove
Theorem 1.10, we will make use of the ”orbifold base” (as defined below) of the Albanese fibration.

Definition 3.25. Let f : X → Y be a surjective morphism of normal projective varieties over k with
connected fibres. We define the orbifold divisor ∆(f) on Y as follows. Let D ⊂ Y be a prime divisor of
Y . Let F1, . . . , Fr be the irreducible divisors of X which map surjectively to D via f . Then, we may write
the scheme-theoretic fibre of f over D as f∗D = R+

∑
k tk ·Fk with R an f -exceptional divisor of X with

f(R) ( D. For each irreducible Weil divisor D ⊂ Y , we define

mf (D) := inf{tk}.

We define ∆ :=
∑
D

(
1− 1

mf (D)

)
D, where the sum runs over all prime divisors of Y .
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Proof of Theorem 1.10. We first reduce to k = C (so that we can appeal to Yamanoi’s work [Yam15]).
To do so, choose a countable algebraically closed subfield k0 ⊂ k such that there is a normal projective
variety X0 over k0 with X0,k

∼= X such that X0 is geometrically special over k0 (Lemma 2.16). Since k0 is
countable, we may choose an embedding k0 → C. Since X0 is geometrically-special over k0, we have that
X0,C is geometrically-special over C. By standard properties of the Albanese map, it suffices to prove the
theorem for X0,C. Thus, to prove the theorem, we may and do assume that k = C.

Let X be a normal proper geometrically-special variety over k, and let alb : X → Alb(X) be the
Albanese map. By Corollary 3.11, the morphism alb is surjective with connected fibres. Therefore, we may
consider the associated orbifold divisor ∆(alb) ⊂ Alb(X) of alb (Definition 3.25). To prove the theorem,
it suffices to show that alb has no multiple fibers in codimension one (Definition 1.9).

We argue by contradiction and suppose that alb has a multiple fiber in codimension one. In particular,
the orbifold divisor ∆(alb) is non-empty.

Let ∆′ be an irreducible component of the support of ∆(alb). Then, by Ueno’s fibration theorem [Uen75,
Chapter IV, Theorem 10.9], there is a non-zero abelian variety A, a homomorphism F : Alb(X)→ A, and
a big divisor D on A such that ∆′ = F−1(Supp D). (Explicitly: D is defined to be the general type base of
the Ueno fibration for ∆′. The fact that D is a big divisor follows from the fact that D is of general type,
so that it is in particular a divisor with finite stabilizer. Such divisors are ample [BG06, Lemma 8.5.6]).

We now consider the composed morphism f : X → Alb(X)→ A and the orbifold divisor ∆ = (1− 1
m )D,

where m is the multiplicity of D in the orbifold divisor ∆(f) of f . If m = 1, then the fibre over D has a
component of multiplicity one. In particular, if m = 1, the fibre of alb over ∆′ also has a component of
multiplicity one. (As the referee pointed out to us, this component might be alb-exceptional a priori, so
that ∆(alb) might still be non-trivial; see Remark 3.28.) Thus, to prove the theorem, it suffices to show
that m = 1. We argue by contradiction and assume that m > 1.

Note that f is surjective with connected fibres (and that X → (A,∆) might not be orbifold). Write
f∗D = R+

∑r
k=1 tkFk, where F1, . . . , Fr are the irreducible divisors in f−1(D) mapping surjectively onto

D and R is an f -exceptional divisor of X with f(R) ( D. Let Z be the image of R in A and note that Z
is of codimension at least two (and possibly empty) in A.

Since X is geometrically-special over k, we may (and do) choose a covering set gi : (C, c)→ (X,x) with
x 6∈ f−1(D) and C a smooth projective curve over k. Let πC : C → P1

k be a finite morphism of degree

at most genus(C) + 1 and define C0 = π−1
C (A1

k). Consider the covering set fi : (C, c) → (A, a), where
fi := f ◦ gi and a := f(x). Note that fi(C) 6⊂ D and that fi is ”orbifold modulo Z” in the sense that the
desired inequality on multiplicities holds outside of Z. More precisely, we have

#f−1
i (D) = #f−1

i (D \ Z) + #f−1
i (Z) ≤ 1

m
deg f∗i D + #f−1

i (Z).(3.1)

Let L be an ample line bundle on A and let ε > 0 be a rational number such that ∆ − 2εL is big.
Applying [Yam15, Proposition 5] (with ”S” in loc. cit. a point), we obtain that there is a real number
κ = κ(C,A,Z, L, ε) > 0 depending only on C,A,Z, L, ε and a finite set P = P (A,Z,L, ε) of positive-
dimensional abelian subvarieties of A depending only on A, Z, L, ε such that either

#f−1
i (Z) ≤ κ+ ε · deg f∗i L(3.2)

or fi(C) is contained in the subset Φ := ∪B∈PΦ(B,Z) ⊂ A, where

Φ(B,Z) := {x ∈ A | dim((x+B) ∩ Z) ≥ dimB − 1}.(3.3)

Note that Φ(A,Z) = ∅ and that Φ is a proper closed subset of A.
Since (fi)i is a covering set, replacing (fi)i by a subsequence if necessary, we may and do assume that,

for each i, we have that fi(C) 6⊂ Φ. In particular, for each i, we have

#f−1
i (Z) ≤ κ+ ε · deg f∗i L.(3.4)

Now, as in the proof of Theorem 3.21, it follows from [Yam15, Corollary 2] that there is a real number
κ2 depending only on C,A,D,L, ε such that

deg f∗i D ≤ #f−1
i (D) + κ2 + ε · deg f∗i L(3.5)
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Substituting inequalities (3.1) and (3.4) in (3.5), we see that

deg f∗i D ≤ #f−1
i (D) + κ2 + ε · deg f∗i L(3.6)

≤ 1

m
deg f∗i D + κ+ ε · deg f∗i L+ κ2 + ε · deg f∗i L.(3.7)

Since ∆ =
(
1− 1

m

)
D, we may rewrite this as

deg f∗i (∆− 2εL) ≤ κ+ κ2.(3.8)

Note that, as m > 1, the divisor ∆− 2εL is big. Therefore, as in Remark 3.18, since ∆− 2εL is big, we
may write ∆− 2εL = M + F , where M is ample and F is effective. Replacing the covering set (fi)i by a
subsequence if necessary, we may and do assume that fi(C) 6⊂ F for every i. Then, for every i, we have
that

deg f∗iM ≤ deg f∗iM + deg f∗i F = deg f∗i (∆− 2εL) ≤ κ+ κ2.(3.9)

Since κ+κ2 is a real number depending only on C, A, D, L, ε, we conclude that the moduli space of pointed
maps (C, c)→ (A, a) is positive-dimensional (as it has a component containing an infinite subsequence of
(fi)i). Therefore, by Mori’s bend-and-break (see [Deb01, Proposition 3.1]), there is a rational curve in A
(passing throug a), contradicting the fact that A has no rational curves. This contradiction concludes the
proof. �

Remark 3.26. In an earlier version of our paper, we used that the map alb : X → (Alb(X),∆(alb)) is
orbifold in the proof of Theorem 1.10. This is however a priori false, as a referee pointed out to us. The
issue comes from alb-exceptional components over ∆. We deal with this ”codimension two” issue by using
[Yam15, Proposition 5] in our proof.

Remark 3.27 (Analytic analogue). As already mentioned in the introduction, the analytic analogue of
Theorem 1.10 was known before. Indeed, as stated in [CC16, Proposition 5.1], for X a Brody-special
normal projective variety, the Albanese map is surjective, has connected fibres, and has no multiple fibres
in codimension one; this can be deduced directly from [NWY07, Main Theorem], [LW12, Corollary 1.4],
and [Kaw81, Theorem 13]. The codimension two phenomenon discussed in Remark 3.26 also occurs in the
proof of the analytic analogue and is dealt with accordingly in the proof of [LW12, Theorem 4.15]. Note
that in our proof of Theorem 1.10 we can not appeal to [LW12], as they only deal with holomorphic maps
from C to X. This is why we resort to Yamanoi’s results in the above proof.

Remark 3.28. Given a surjective morphism with connected fibres X → Y , there is a subtle difference
between ”having no multiple fibres in codimension one” and having a trivial orbifold divisor. We stress
that we do not show that the Albanese fibration X → Alb(X) of a geometrically-special has trivial orbifold
divisor (or is ”base-special”). Indeed, our proof above only shows that the orbifold base of f : X →
Alb(X)→ A is trivial. Since a multiplicity one component of the fibre of f over a codimension one point
might be alb-exceptional, one can not conclude that the Albanese fibration has trivial orbifold divisor.
This subtle issue seems to have been overlooked in [Cam04, Proposition 5.3], [CC16, Proposition 5.1] and
[LW12].

4. Virtually abelian fundamental groups

In this section we show that the image of the fundamental group of a geometrically-special smooth
projective variety over C along a linear representation is virtually abelian (Theorem 1.15). Our proof
follows closely Yamanoi’s strategy [Yam10], and we will indicate as carefully as possible how to adapt
Yamanoi’s line of reasoning to prove Theorem 1.15.

The key observation is that the formal properties of Brody-special varieties used by Yamanoi also hold for
geometrically-special varieties (e.g., the Albanese map of a Brody-special proper variety is surjective, much
like the Albanese map of a geometrically-special proper variety). The novel technical result is arguably
Theorem 4.1.
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4.1. The case of p-unbounded representations. It is reasonable to state that [Yam10, Proposition 3.1]
is one of the crucial results of Yamanoi’s paper on fundamental groups of Brody-special varieties. We start
with establishing the geometrically-special analogue of his result; see Proposition 4.2 for a precise statement.

Recall that, if L is a field, a group scheme G over L is an almost simple algebraic group over L if G
is a non-commutative smooth affine (geometrically) connected group scheme over L and G has no infinite
proper closed normal subgroups.

If p is a prime number and G is an almost simple algebraic group over a finite field extension K of Qp,
then we say that a representation ρ : π1(X) → G(K) is p-bounded if its image ρ(π1(X)) is contained in a
maximal compact subgroup of G(K). If ρ is not p-bounded, then we say that ρ is p-unbounded.

In what follows we will prove that the fundamental group of a smooth projective geometrically-special
variety does not admit a Zariski-dense representation into an almost simple algebraic group. To do so,
we will argue case-by-case. The crucial (arguably most technical) case is that of a big p-unbounded
representation considered first. (For the reader’s convenience, we recall that a representation ρ : π1(X)→
GLn(C) is big if there is a countable collection of proper closed subsets Xi ( X with i = 1, . . . such that,

for every positive-dimensional subvariety Z ⊂ X containing a point of X \∪∞i=1Xi, the group ρ[Im(π1(Z̃)→
π1(X))] is infinite, where Z̃ → Z is a desingularization of Z.)

Theorem 4.1. Let X be a smooth projective variety over C, and let K be a finite extension of Qp. Let G
be an almost simple algebraic group over K. Assume that there exists a big p-unbounded representation
ρ : π1(X)→ G(K) whose image is Zariski-dense in G. Then X is not geometrically-special over C.

Proof. As in Yamanoi’s proof of [Yam10, Proposition 3.1] we will use Zuo’s results on spectral coverings
[Zuo96, Zuo99] (see also [CCE15]). For instance, by Zuo’s work ([Zuo96, Theorem 1] and [Zuo96, Theo-
rem 2]), as ρ is big, the variety X is “Chern-hyperbolic”. In particular, there is a proper closed subset
∆ ( X such that every non-constant morphism f : P1

C → X factors over ∆, i.e., we have f(P1
C) ⊂ ∆.

Moreover, the variety X is of general type1.
We will make explicit use of Zuo’s spectral covering π : Xs → X; see [Yam10, p 554] for an explanation of

the notation. As is explained in loc. cit., the variety Xs is equipped with holomorphic one-forms ω1, . . . , ω`
that are contained in H0(Xs, π∗Ω1

X) and such that π : Xs → X is unramified outside
⋃
ωi 6=ωj

(ωi − ωj)0.

Moreover, the forms ω1, . . . , ω` are used to construct the adapted Albanese map α : Xs → A. We note that
thanks to [Zuo96], the morphism α is generically finite onto its image, so that Xs has maximal Albanese
dimension (because the adapted Albanese map factorizes through the Albanese map). Moreover, since X
is of general type, it follows that Xs is of general type. Therefore, it follows from Yamanoi’s theorem
(Theorem 3.9) that Xs is pseudo-algebraically hyperbolic. In particular, replacing ∆ ⊂ X by a suitable
larger proper closed subset, we may assume that Xs is algebraically hyperbolic modulo π∗∆. Now, we fix
an ample line bundle M on X, so that (by the algebraic hyperbolicity of Xs modulo π∗∆) there is a real
number γ depending only on X, M , and π∗∆ such that, for every smooth projective connected curve W
over C and every morphism g : W → Xs with g(W ) 6⊂ π∗∆, the inequality

deg g∗(π∗M) ≤ γ · genus(W )(4.1)

holds.
To prove the proposition, we argue by contradiction. Thus, assume that X is geometrically-special over

C. Define U := X \∆, choose a smooth projective connected curve C of genus at least two, a point c0 in
C, a point x in U , and a covering set of non-constant morphisms fk : (C, c0)→ (X,x) with k = 1, . . .. By
the definition of a covering set, replacing the sequence of morphisms (fk)∞k=1 by a suitable subsequence if
necessary, we have that, for every proper closed subset Z ⊂ X, there are only finitely many integers k such
that fk(C) ⊂ Z.

For every k = 1, . . ., we consider the pull-back Vk → Xs of fk : C → X along π : Xs → X. Let Wk be
the normalization of Vk, and let gk : Wk → Xs denote the composed morphism Wk → Vk → Xs. (Note
that Wk is a, possibly disconnected, smooth projective curve over C.) This gives us, for every k = 1, . . . ,

1At this point, it is clear that X is not special. However, proving that X is not geometrically-special requires many more

arguments.
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the following commutative diagram

(4.2)

Wk

ρk

��

gk // Xs

π

��

α // A

C
fk // X

Now, since fk(c0) = x 6∈ ∆, for every connected component W ′k of Wk, we have that gk(W ′k) 6⊂ π∗∆. In par-
ticular, using that Xs is algebraically hyperbolic modulo π∗∆ and letting genus(Wk) denote

∑
genus(W ′k)

where the sum runs over all connected components W ′k of Wk, we see that the inequality

deg π · deg f∗kM = deg(fk ◦ ρk)∗M = deg g∗k(π∗M) ≤ γ · genus(Wk)(4.3)

holds; see (4.1) above. Note that we used that deg ρk = deg π.
Let D ⊂ Xs be the (support of the) ramification divisor of π : Xs → X. Then D ⊂

⋃
1≤i<j≤` Ξij , where

Ξij := (ωi−ωj)0. Let ωij := ωi−ωj . The idea is to use the forms ωi to “control” the genus of Wk in terms
of the degree of gk. (Since there is no a priori control on the branch points of Wk → C, the genus of Wk

may tend to infinity as k tends to infinity.)
To do so, by the Riemann-Hurwitz formula KWk

= ρ∗k(KC) + Rk, it suffices to “control” the degree of
the ramification divisor Rk of ρk. Note that

degRk ≤ (deg ρk)(#g−1
k (D)) ≤ (deg ρk)

∑
1≤i<j≤`

#g−1
k (Ξij).(4.4)

In particular,

genus(Wk) ≤ (deg ρk) · genus(C) + (deg ρk)
∑

1≤i<j≤`

#g−1
k (Ξij).(4.5)

Let 1 ≤ i < j ≤ ` be such that g∗kωij 6= 0. Consider β a holomorphic section of KC and the meromorphic
function η = g∗kωij/ρ

∗
kβ. We can consider g∗kωij as a holomorphic section of ρ∗kΩC , so that deg(η = ∞) =

(deg ρk) degKC . Therefore, it follows that

#g−1
k (Ξij) ≤ deg(η = 0) = deg(η =∞)(4.6)

≤ (deg π) degKC ≤ 2(deg π)genus(C).

Now, let 1 ≤ i < j ≤ ` be such that g∗kωij = 0. Following Yamanoi (see [Yam10] p.557 for details), we
consider the Albanese map b : Xs → B with respect to ωij . Also, we let S → b(Xs) be the normalization
of b(Xs), so that b factors as

Xs c // S
ψ // B.

Then, the image c(Ξij) of Ξij is a point P in S. Let L be an ample line bundle on S. Then, Yamanoi
constructs (see [Yam10] p.558 for details), for every positive integer n, a positive integer ln and a divisor
Dn on S such that the following three properties hold.

(1) The sequence of integers (ln)∞n=1 is strictly increasing and satisfies limn→∞
ln
n = 0;

(2) The divisor Dn is contained in |L⊗ln |;
(3) If c ◦ gk(y) = P , then ordy(c ◦ gk)∗Dn ≥ n.

Now, since π∗M is ample, we may choose an integer N0 such that N0π
∗M − c∗L ≥ 0. Next, we choose

an integer n such that ln
n < 1

(`+1)3 ; such an integer exists as ln = o(n) (see (1) above). Now, by our choice

of covering set (fk)∞k=1, there is an integer ki,j such that, for all k ≥ ki,j , we have that fk(C) 6⊂ π(c−1(Dn)).
In particular, for all k ≥ ki,j , we have that c ◦ gk(Wk) 6⊂ Dn. Therefore, for k ≥ ki,j , we have that

#g−1
k (Ξij) ≤ #(c ◦ gk)−1(P ) ≤ 1

n
deg(c ◦ gk)∗Dn ≤

ln
n

deg(c ◦ gk)∗L(4.7)

≤ 1

(`+ 1)3
deg(c ◦ gk)∗L ≤ N0

(`+ 1)3
· deg g∗kπ

∗M

Define

k0 = max(ki,j | 1 ≤ i < j ≤ ` such that g∗kωij 6= 0}.
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By combining (4.7) with (4.6) and (4.5), we obtain that, for all k ≥ k0,

genus(Wk) ≤ (deg ρk) · genus(C) + (deg ρk)
∑

1≤i<j≤`

#g−1
k (Ξij)

≤ (deg ρk) ·
(

genus(C) +
∑

1≤i<j≤`
g∗kωij 6=0

(
#g−1

k (Ξij)
)

+
∑

1≤i<j≤`
g∗kωij=0.

(
#g−1

k (Ξij)
) )

≤ 3(deg π)2`2 · genus(C) +
`2N0

(`+ 1)3
deg g∗kπ

∗M

= 3(deg π)2`2 · genus(C) +
N0

`+ 1
deg g∗kπ

∗M.

By combining this upper bound for the genus of Wk with (4.3), we obtain that

deg g∗k(π∗M) ≤ γ · genus(Wk) ≤ 3γ(deg π)2`2 · genus(C) +
N0

`+ 1
deg g∗kπ

∗M

This implies that

deg g∗k(π∗M) ≤ 3γN0(deg π)2(`+ 1)3 · genus(C).

In particular, we obtain that

deg f∗kM =
1

deg π
deg g∗kπ

∗M ≤ 3γN0(deg π)(`+ 1)3 · genus(C).(4.8)

Since the RHS of (4.8) is independent of k, it follows that (fk : (C, c0)→ (X,x))∞k=1 is an infinite sequence
of pairwise distinct morphisms of bounded degree. In particular, it follows from Mori’s bend-and-break (see
[Deb01, Proposition 3.1]) that there is a rational curve in X containing x. Since x 6∈ ∆, this contradicts
the fact that all rational curves of X are contained in ∆.

We conclude that X is not geometrically-special. �

Proposition 4.2 (The analogue of 3.1 in [Yam10]). Let X be a smooth projective connected variety over
C, and let K be a finite extension of Qp. Let G be an almost simple algebraic group over K. Assume that
there exists a p-unbounded representation ρ : π1(X) → G(K) whose image is Zariski-dense in G. Then
X is not geometrically-special over C.

Proof. By adapting the arguments in the first paragraph of Yamanoi’s proof of [Yam10, Proposition 3.1],
we will reduce to the case that ρ is big, so that the result follows from Theorem 4.1.

Assume, for a contradiction that X is geometrically-special over C. Note that, if X ′ is a smooth
projective connected variety over C which is birational to X, then X ′ is geometrically-special (Lemma
2.8). Therefore, defining H := ker ρ, replacing X by a smooth projective variety which is birational to X if
necessary, by the theory of Shafarevich maps (see [Kol93, p. 185] or [Cam94]), we have the H-Shafarevich
morphism

shHX : X → ShH(X).

Let F be a general fiber of shHX and let π1(F )X be the image of the natural morphism of groups π1(F )→
π1(X). Then, by definition of the H-Shafarevich map, the image

ρ(π1(F )X) ⊂ G(K)

is finite. It now follows from [Zuo99, Lemma 2.2.3] that there is a smooth projective connected variety
Y and a morphism Y → X which is the composition of a proper birational surjective morphism and a
finite étale morphism such that, if Y → Σ denotes the Stein factorization of the composed morphism
Y → X → ShH(X), then there exists a representation

ρΣ : π1(Σ)→ G(K)

such that π1(Y ) → G(K) factors over ρΣ. By construction (see [Zuo99, Proposition 2.2.2]), the represen-
tation ρΣ is big and has Zariski dense image in G. Let Σ′ be a resolution of singularities of Σ. Note that
the variety Y is geometrically-special (Lemma 2.8 and Lemma 2.11). In particular, since Y dominates



ALBANESE MAPS AND FUNDAMENTAL GROUPS OF GEOMETRICALLY-SPECIAL VARIETIES 21

Σ, it follows that Σ and Σ′ are geometrically-special (Lemma 2.8). Thus, Σ′ is a smooth projective con-
nected geometrically-special variety over C whose fundamental group has a big p-unbounded representation
π1(X)→ G(K). This contradicts Theorem 4.1. �

4.2. Period maps. To prove that every linear quotient of the fundamental group of a geometrically-special
variety is virtually abelian, we will use finiteness results for pointed maps to period domains. To state the
necessary results, we recall the definition of a period map following Schmid [Sch73, Section 3] (see also
[JLb, Section 4]).

Let H be a finitely-generated free Z-module, k an integer, and {hp,k−p} a collection of non-negative
integers with hp,k−p = hk−p,p for all p, ∑

p

hp,k−p = rkZH.

Let F̂ be the flag variety parametrizing decreasing, exhaustive, separated filtrations of HC, (F •), with

dimF p =
∑
i≥p h

i,k−i. Let F ⊂ F̂ be the analytic open subset of F̂ parametrizing those filtrations
corresponding to Z-Hodge structures of weight k, i.e. those filtrations with

HC = F p + F k−p+1

for all p. Now suppose q is a non-degenerate bilinear form on HQ, symmetric if k is even and skew-symmetric
if k is odd. Let D ⊂ F be the locally closed analytic subset of F consisting of filtrations corresponding to
polarized Hodge structures (relative to the polarization q), i.e. the set of filtrations (F •) in F with

qC(F p, F k−p+1) = 0 for all p

and
qC(Cv, v̄) > 0

for all nonzero v ∈ HC, where C is the linear operator defined by C(v) = ip−qv for

v ∈ Hp,q := F p ∩ F q.
Let G = O(q) be the orthogonal group of q; it is a Q-algebraic group. Write GZ = G(Q) ∩GL(H), and

let Γ ⊂ GZ be a finite index subgroup.
If X is smooth, then we say that a holomorphic map Xan → Γ\D is a period map on X if it is locally

liftable and horizontal (i.e., satisfies Griffiths transversality). More generally, for X a possibly singular

variety, a holomorphic map Xan → Γ\D is a period map on X if there is a desingularization X̃ → X such

that the composed morphism X̃an → Xan → Γ\D is a period map on X̃. We will make use of the following
finiteness property for varieties with a quasi-finite period map which is essentially a reinterpretation of
Deligne’s finiteness result for monodromy representations.

Lemma 4.3 (Deligne, Deligne-Griffiths-Schmid). Let X be a variety over C. If X admits a period map
Xan → Γ\D with finite fibres, then X is geometrically hyperbolic over C.

Proof. This follows from Deligne’s finiteness theorem for monodromy representations [Del87] and the The-
orem of the Fixed Part [Sch73, 7.24]. We refer the reader to [JLb, Theorem 5.1] for a detailed proof. �

4.3. Period domains are far from being special. In [Yam10, Section 4], Yamanoi divides the task of
proving his theorem into the rigid case and non-rigid case. To deal with the rigid case, he crucially uses
that varieties which admit a non-constant period map are not Brody-special (i.e., do not admit a dense
entire curve). The analogue for geometrically-special varieties of the statement he uses reads as follows.

Theorem 4.4. Let X be a variety over C. If X admits a non-constant period map, then X is not
geometrically-special over C.

Proof. Let p : Xan → Γ\D be a non-constant period map. By Bakker-Brunebarbe-Tsimerman’s resolution
of Griffiths’s conjecture [BBT], the analytic closure of the image of p is the analytification Y an of a quasi-
projective variety Y over C, and the induced dominant morphism Xan → Y an is the analytification of
a (non-constant dominant) morphism f : X → Y . Note that dimY > 0. Since Y admits a quasi-
finite (even injective) period map, it is geometrically hyperbolic (Lemma 4.3). Since X dominates the
positive-dimensional geometrically hyperbolic variety Y , by Corollary 2.9, we conclude that X is not
geometrically-special over C. �
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4.4. The rigid case. We now deal with the case of a rigid representation ρ : π1(X)→ G(C).

Proposition 4.5 (The analogue of 4.1 in [Yam10]). Let X be a smooth projective connected variety over
C, and let G be an almost simple algebraic group over C. Assume that there exists a rigid representation
ρ : π1(X)→ G(C) whose image ρ(π1(X)) is Zariski-dense in G. Then X is not geometrically-special over
C.

Proof. Since ρ is rigid, it can be defined over some number field K. By abuse of notation, we let ρ :
π1(X)→ G(K) denote a model over K. For p a finite place of K, we consider the representation

ρp : π1(X)→ G(Kp).

If there exists a finite place p of K such that ρp is p-unbounded, then Proposition 4.2 implies that X is not
geometrically-special. Thus, we may and do assume that, for every finite place p of K, the representation
ρp is p-bounded. In this case, as is explained by Yamanoi in the proof of [Yam10, 4.1], the subgroup
ρ−1(G(OK)) is of finite index in π1(X). Therefore, there is a finite étale cover Y → X such that ρ(π1(Y )) ⊂
G(OK). Then, as ρ|π1(Y ) : π1(Y ) → G(OK) is a rigid representation, by a result of Simpson (see [Sim92,
p. 58]), the variety Y admits a period map, say p : Y an → Γ\D, whose rational monodromy representation
contains ρ|π1(Y ) as a direct factor. Since ρ has Zariski dense image in G, it follows that the period map p is
non-constant. We conclude that Y is not geometrically-special from Theorem 4.4. In particular, as Y → X
is finite étale, the variety X is not geometrically-special (Lemma 2.11). This concludes the proof. �

4.5. The general case. To deal with the non-rigid case, we begin with the following result proven by
Yamanoi which we state in more generality than necessary.

Proposition 4.6. Let X be a variety over C, and let G be an almost simple algebraic group over C.
Assume that there exists a non-rigid representation ρ : π1(X) → G(C) whose image ρ(π1(X)) is Zariski-
dense in G. Then, for every prime number p, there exists a finite extension K/Qp and a p-unbounded
representation ρ̃ : π1(X)→ G(K) whose image is Zariski-dense in G.

Proof. This is shown in the proof of [Yam10, Lemma 4.1]. (The argument only uses properties of character
varieties.) �

Proposition 4.6 allows us to deal with non-rigid representations by appealing to our result for p-
unbounded representations.

Corollary 4.7 (The analogue of 2.1 in [Yam10]). Let X be a smooth projective connected variety over
C, and let G be an almost simple algebraic group over C. Assume that there exists a representation
ρ : π1(X)→ G(C) whose image ρ(π1(X)) is Zariski-dense in G. Then, the variety X is not geometrically-
special over C.

Proof. If ρ is rigid, then the result follows from Proposition 4.5, so we may assume that ρ is non-rigid. Let
p be a prime number. Since ρ is a non-rigid representation whose image is Zariski-dense in G, it follows
from Proposition 4.6 that there is a p-adic field K and a p-unbounded representation ρ̃ : π1(X) → G(K)
whose image is Zariski-dense in G. Then, by Proposition 4.2, the variety X is not geometrically-special
over C. �

4.6. Linear quotients of fundamental groups. Corollary 4.7 says that the fundamental group π1(X)
of a smooth projective connected geometrically-special variety X over C does not admit a Zariski dense
representation into an almost simple algebraic group. We now combine this result with the structure result
for Albanese maps of such varieties to show that linear quotients of π1(X) are virtually abelian.

Proof of Theorem 1.15. Assume that X is geometrically-special over C, and let ρ : π1(X)→ GLn(C) be a
representation. We follow Yamanoi’s “Proposition 2.1 implies Theorem 1.1” in [Yam10]. Thus, let H be
the Zariski closure of the image of ρ in GLn(C). Since every finite étale cover of X is geometrically-special
(Lemma 2.11), replacing X by a finite étale cover, we may and do assume that H is connected. Then, as
H/R(H) is an almost direct product of almost simple algebraic groups, it follows from Corollary 4.7 that
H equals its radical R(H). Therefore, the image ρ(π1(X)) is a solvable group.

We now apply a theorem of Campana [Cam01, Theoreme 2.9]. First, note that the Albanese map of every
finite étale covering X ′ of X is surjective (Corollary 3.7). Therefore, it follows from [Cam01, Theoreme 2.9]
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that there exists a finite étale morphism Y → X such that π1(Y ) → H factors over the induced group
homomorphism π1(Y ) → π1(Alb(Y )). Since π1(Alb(Y )) is abelian, this implies that ρ(π1(Y )) is abelian.
We conclude that ρ(π1(X)) is virtually abelian. �

Proof of Theorem 1.16. We follow and adapt Yamanoi’s proof of [Yam10, Corollary 1.3].
Let X be a geometrically-special smooth projective variety over C such that there is a big representation

ρ : π1(X) → GLn(C). Then, by Theorem 1.15, the image of ρ is virtually abelian. Thus, as every finite
étale cover of X is geometrically-special (Lemma 2.11), replacing X by a suitable finite étale cover if
necessary, we may and do assume that the image of π1(X) is a free abelian group. Since the image of ρ
is a torsion-free abelian group and π1(Alb(X)) is the torsion-free abelianization of π1(X), it follows that ρ
factors over the homomorphism π(X)→ π1(Alb(X)) induced by the Albanese map aX : X → Alb(X). To
conclude the proof, we now show that the Albanese map aX : X → Alb(X) is birational.

Since X is geometrically-special, the Albanese map aX is surjective with connected fibers (Corollary
3.11). Let F be a general fiber of aX . Then ρ (Im(π1(F )→ π1(X))) is trivial. In particular, since ρ is big,
the fiber F is a point. From this it follows that aX is birational, as required. �
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[Del87] P. Deligne. Un théorème de finitude pour la monodromie. In Discrete groups in geometry and analysis (New Haven,

Conn., 1984), volume 67 of Progr. Math., pages 1–19. Birkhäuser Boston, Boston, MA, 1987.
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