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Abstract. We generalize to arbitrary dimension our previous construction of simply connected

weakly-special but not special varieties. We show that they satisfy the function field and complex

analytic part of Campana’s conjecture. Moreover, we give the first examples, in any dimension, of

smooth simply connected nonisotrivial projective varieties of general type that satisfy the function

field Lang’s conjecture.

1. INTRODUCTION

The goal of this article is to discuss hyperbolicity properties of several simply connected varieties,

of any dimension. The interplay between hyperbolicity, arithmetic, and geometric properties of

algebraic variaties is among the fundamental problems in Diophantine Geometry and the focus of

conjectures of Green, Griffiths, Demailly, Lang and Vojta (see e.g. [Dem97], [Lan91, Conjecture

3.7], [Lan86], [Voj87, Conjecture 3.4.3]). For our aims, we can summarize the main predictions in

the following Conjecture.

Conjecture 1. Let X be a nonsingular quasi-projective variety defined over a number field K.

If X is of (log) general type there exists a proper closed subset Z (the exceptional locus), in a

compactification X of X, such that:

(Arithmetic): X is arithmetically hyperbolic modulo Z, i.e. over any ring of S-integers the

S-integral points of X outside of Z are finite;

(Function Fields): XK is algebraic hyperbolic modulo Z, i.e. there exists an ample line bundle

L on X and a positive constant ε > 0 such that, for every nonsingular projective curve C and every

morphism ϕ : C → X, such that ϕ(C) is not contained in (X rX) ∪ Z, the following holds:

degϕ∗L ≤ ε
(

2g(C)− 2 +N [1]
ϕ (X rX)

)
,

where N
[1]
ϕ (X) is the cardinality of the support of ϕ∗(X rX);

(Complex Analysis): X is Brody hyperbolic modulo Z, i.e. every holomorphic map f : C→ XC

such that f(C) is not contained in Z is constant.

Campana proposed a more general framework using his notion of special varieties introduced in

[Cam04]. A quasi-projective variety X = X rD, where X is a nonsingular projective variety and

D is an snc divisor, both defined over a number field K, is special if for every rank 1 saturated

coherent sheaf F ⊂ Ωp

XK

(logD) one has κ(X,F) < p (where κ denotes the Itaka dimension).

Equivalently X is special if it has no fibration of general type in the sense of Campana (see
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[Cam04, Theorem 2.27]). In particular, (log) general type varieties are not special, but the class

of non special varieties is strictly larger. After Campana, one expects the following generalizations

of the above conjectures to be satisfied:

Conjecture 2. Let X be a nonsingular quasi-projective variety defined over a number field K. If

X is not special then

(Arithmetic): the set of integral points X(OL) is not Zariski dense for every finite extension

L ⊃ K;

(Function Fields): there is a dominant map π : X → Y (with dimY > 0), an ample line

bundle L on Y , a positive constant ε > 0, and a proper closed subset Z ⊂ Y such that, for every

nonsingular projective curve C and every morphism ϕ : C → X such that π(ϕ(C)) is not contained

in (Y r Y ) ∪ Z the following holds:

degϕ∗(π∗L) ≤ ε
(

2g(C)− 2 +N [1]
ϕ (Y r Y )

)
;

(Complex Analysis): there is no entire curve C→ X with Zariski dense image.

In this paper we discuss various examples where we can prove these conjectures for simply

connected varieties.

The search of simply connected examples, where the above mentioned conjectures can be proven

true, is a central theme in Diophantine Geometry. In fact some of the skepticism around the

claims in the arithmetic setting, can be traced to the lack of examples of smooth projective simply

connected varieties X of general type of dimension at least 2, defined over a number field K, where

the rational points are degenerate, i.e. where X(L) is not Zariski dense for every finite extension

L ⊃ K. In particular, to our knowledge, there is no single example of a smooth projective simply

connected surface of general type that is pseudo-arithmetically hyperbolic, or even where the

rational points can be proven to be degenerate.

For quasi-projective varieties the situation is different: Corvaja and Zannier in [CZ10, Corollary

2, Theorem 3] gave the first example of a quasi-projective simply connected surface of log general

type where the integral points, over any ring of S-integers, are not Zariski-dense. In [RTW23,

Theorem 1.3, Proposition 1.4] we used a truncated version of the Ru-Vojta method to produce

examples in arbitrary dimensions of quasi-projective simply connected varieties with a degenerate

set of S-integral points. Apart from independent interest, these examples serve as the key input to

construct simply connected special varieties that are not of log-general type but that are weakly

special (see Definition 2.1). This was achieved in dimension three in [RTW21, Section 4]. In this

article we generalize our construction and produce simply connected quasi-projective weakly spe-

cial varieties X, of any dimension, fibered over a special variety S. Furthermore, in Theorem 2.6 we

show that these examples satisfy the function field and complex analytic part of Campana’s con-

jecture. In particular the varieties X contradict the so-called Weakly Special Conjecture [RTW21,

Conjecture 12].

In another direction we present what we believe to be the first example of smooth projective

simply connected non-isotrivial varieties of general type over the function field of a curve, for

which we can prove Lang’s conjecture. Previous works of Debarre and Bogomolov [Deb05] have
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shown how to construct simply connected nonsingular projective varieties with ample cotangent

(and more generally with the same fundamental group as any given nonsingular projective variety,

see [Deb05, Proposition 26]). By work of Demailly and Kobayashi, these varieties are algebraically

hyperbolic and Brody hyperbolic. In particular they yield examples of isotrivial varieties over

the function field of a curve where Lang’s conjecture hold (for an analogue in characteristic p see

[KPS22]).

In Theorem 3.1, building on Debarre’s construction, we present examples of non-isotrivial vari-

eties over the function field of a curve where we can prove Lang’s conjecture. The key idea is to

construct a pencil, inside a simply connected variety with ample cotangent, given by sufficiently

general hyperplane sections.
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2. WEAKLY SPECIAL BUT NOT SPECIAL VARIETIES

We recall the following definitions.

Definition 2.1. A smooth quasi-projective variety X over a field K is weakly special if for every

étale morphism u : X ′ → X the variety X ′ does not admit any dominant rational map f ′ : X ′ → Z ′

to a positive dimensional variety Z ′ of log-general type.

The aim of this section is to construct weakly special, quasi-projective varieties Xm, of any

dimension greater or equal to 3, fibered over a variety S, such that the orbifold base (see [RTW21,

Definition 2.4]) of the map Xm → S has hyperbolic properties that contradict the Weakly Spe-

cialness Conejcture [RTW21, Conjecture 12]. We use the analogue of the construction given in

[RTW21, Theorem 4.2] and, for the degeneracy result, the new theorem [RTW23, Theorem 2] (and

its function field and complex analytic analogues [RTW23, Theorem 13 and Theorem 18]).

One fundamental feature of our construction is simply connectedness. In fact, for a simply-

connected variety X, to be weakly special but not special it is sufficient the check the following

two properties:

(1) If X → Z is a dominant morphism to a positive dimensional variety Z, then Z is not of

general type;

(2) There exists a general type fibration (in the sense of Campana) f : X → Y (and the variety

Y , by part (1) is not of general type).

We begin with a generalization of [RTW21, Theorem 4.2] where we adapt our previous con-

struction to the more general setting of quasi-projective varieties of arbitrary dimension. We show

that the construction yields a simply-connected and not special quasi-projective variety. However,
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to conclude that the output variety X is weakly special we need to add the extra hypothesis that

the base the variety S is special.

Theorem 2.2. Let m be a positive integer, and let T, S = S rD be two quasi-projective varieties

with fibrations f : T → P1 and g : S → P1 such that:

(1) T is a smooth surface and the fibration f : T → P1 has a single multiple fiber f−1(0) =: m ·T0,

with T0 a smooth elliptic curve, and another (singular) simply-connected fiber;

(2) S is a smooth quasi-projective variety and the fibration g : S → P1 has a simple normal crossing

fiber S0 := g−1(0) such that:

(a) the variety S is not of log general type but the orbifold variety

(S,D + ∆) := (S,D + (1− 1/m) · S0)

is an orbifold of general type;

(b) the complement of S0 in S is simply connected.

Furthermore, let X be the normalization of the total spaces of the natural (orbifold) elliptic

fibration with equidimensional fibers defined by f and g, i.e.

X := (S ×P1 T )ν
F−→ (S,∆).

Then X is a simply connected, quasi-projective smooth variety that is not special. Moreover, if S

is special, then X is weakly special.

Proof. We first notice that the orbifold base of the fibration F is indeed ∆: by construction, the

only multiple fibers lie above S0, and F ∗S0 = m · (S0 × T0). Since by assumption (S,D + ∆) is a

of general type, it follows immediately that X is not special.

We now show thatX is simply-connected. LetD0 := F−1(S0); then, the fibration F : (XrD0)→
(S r S0) is a fibration without multiple fibers (since f : (T r T0) → P1 r {0} has no multiple

fibers), and with a simply-connected fiber. This implies that F∗ : π1(X rD0)→ π1(S r S0) is an

isomorphism. Using our assumption, the group π1(X rD0) is hence trivial. This implies that X

is simply-connected since the natural map π1(X rD0)→ π1(X) is surjective.

Finally, let us assume that S is special. Since X is simply-connected, it does not admit any non-

trivial étale cover, therefore, to prove that X is weakly special, it suffices to show that no fibration

h : X → Z exists, with Z of general type and of positive dimension. Assume by contradiction

that such an h exists. Since, by construction, the fibers of F are special, it follows from [Cam04,

Theorem 2.7] that there exists a dominant map S → Z. But since S is special this contradicts the

assumption that Z is of general type. �

We now use [RTW23, Theorem 2] and [RTW23, Proposition 1] to construct examples of simply-

connected weakly special but not special quasi-projective varieties, in any dimension. This extends

our previous construction in dimension 2 given in [RTW21, Example 4.3, 4.4].

Construction. Let n ≥ 2 and let r ≥ 2n+1 be two integers. Let D0, D1, . . . , Dr be hypersurfaces

in general position in Pn and assume that D0 is smooth and D1 + · · · + Dr has simple normal

crossing singularities. Furthermore, we assume that the degree of the hypersurfaces Di’s satisfy
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the following conditions:

degDi =


di for 1 ≤ i ≤ r − n− 1

1 for r − n ≤ i ≤ r

d0 =
∑r−n−1

j=1 dj for i = 0

We define Ti = Di ∩D0 and T to be the union of the Ti’s.

Lemma 2.3. In the above setting, let π : S → Pn be the blow-up of Pn along T and let D̃i := π−1∗ Di

be the strict transform of Di in S. Finally, we let D = D̃r−n + · · ·+ D̃r. Then, the pair (S,D) is

special.

Proof. We start by computing the log canonical bundle of (S,D) as follows:

KS +D = (π∗KPn + E) +
(
π∗(Dr−n + · · ·+Dr)− E′

)
= π∗(KPn +Dr−n + · · ·+Dr) + (E − E′),

where E is the total exceptional divisor and E′ is the sum of the exceptional divisors in the pullback

of Dr−n + · · · + Dr. Then, since S is smooth, and π(E − E′) has codimension two in Pn, we get

the isomorphism

H0
(
S, π∗(KPn +Dr−n + · · ·+Dr)

)
→ H0

(
S, π∗(KPn +Dr−n + · · ·+Dr) + (E − E′)

)
,

and conclude that κ(SrD) = κ (Pn r (Dr−n + · · ·+Dr)). Moreover, since Dr−n+ · · ·+Dr are by

definition n+ 1 hyperplanes in Pn, we get that κ(S rD) = 0. The conclusion follows by [Cam11,

Théorème 6.7]. �

We are now in the position to apply Theorem 2.2. The fibration f : T → P1 is the same fibration

constructed in [RTW21, Example 4.3]. The second fibration is obtained as follows: consider the

fibration induced by D0 and D1 + · · ·+Dr−n−1 in Pn. This induces a rational map g′ : Pn 99K P1

which yields a fibration g : S → P1. We claim that g satisfies the hypothesis of Theorem 2.2.

First of all, by construction, S is smooth and the fiber S0 = g−1(0), being the strict transform

of D1 + · · · + Dr−n−1 has simple normal crossing singularities. By [RTW23, Proposition 1] the

variety S r (D̃1 + · · ·+ D̃r−n−1 +D) = S r (D̃1 + · · ·+ D̃r) is simply-connected. Finally we have

the following lemma.

Lemma 2.4. In the above setting, let m ≥ 2 be an integer and let

∆ =

(
1− 1

m

)
S0 =

(
1− 1

m

)(
D̃1 + · · ·+ D̃r−n−1

)
.

Then the orbifold (S,D + ∆) is of general type.

Proof. We compute the orbifold canonical bundle following Lemma 2.3. Recall that we denoted

by E the total exceptional divisor of the blow up π : S → P2 along T , and by E′ the exceptional

divisors in the pullback of Dr−n + · · ·+Dr. Therefore we have

KS +D + ∆ = (π∗KPn + E) +
(
π∗(Dr−n + · · ·+Dr)− E′

)
+

+

(
1− 1

m

)(
π∗(D1 + · · ·+Dr−n−1)− (E − E′)

)
= π∗(KPn +

(
1− 1

m

)
(D1 + · · ·+Dr−n−1) +Dr−n + · · ·+Dr) +

1

m
(E − E′)
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The conclusion holds since

deg(KPn +

(
1− 1

m

)
(D1 + · · ·+Dr−n−1) +Dr−n + · · ·+Dr) = −n− 1 +

(
1− 1

m

)
d0 +n+ 1 > 0,

π is a generically finite map, and E − E′ is effective.

�

To summarize, we have therefore constructed quasi-projective varieties (X,D) that are simply-

connected, weakly special but not special. Following our previous paper [RTW21] we can now show

that these varieties, at least for high enough m, present behaviour that contradict the function

field and analytic analogue of the Weak Special Conjecture, see [RTW21, Conjecture 12].

We start by a pair (X,D) constructed above, so in particular we have a fibration F : X →
S = S r D with orbifold base ∆. Then we have the following result which is a combination of

[RTW23, Theorem 7.4] (together with [RTW21, Theorem 5.10 and 5.11]) for the analytic part, and

[RTW23, Theorem 8.2] together with [RTW23, Lemma 5.9] for the function field part (we refer to

the aforemoentioned papers for definitions and notations).

Proposition 2.5. Let S,D, and ∆ as above. Then:

(1) for every ε > 0 there exists a positive integer Q > 0 and a proper algebraic closed subset Z

such that: for every holomorphic map f : C → S such that f(C) is not contained in Z, the

following holds:

TL,f (r) ≤exc ε

r∑
i=1

N
[Q]
f (D̃i, r).

In particular, for every large m, the orbifold (S,D + ∆) is Brody hyperbolic modulo a proper

subset;

(2) there exist an ample line bundle L on S, a positive constant A > 0 and a proper closed subset

Z ⊂ S such that: for every non-singular projective curve C and every morphism ϕ : C → S

such that ϕ(C) is not contained in Z, the followign holds:

degϕ∗L ≤ A
(

2g(C)− 2 +N [1]
ϕ (D + d∆e)

)
.

In particular, for every large m, the orbifold (S,D + ∆) is algebraically hyperbolic modulo a

proper subset.

Finally, combining Proposition 2.5 with the techniques developed in [RTW21] we obtain the

following main result of this section.

Theorem 2.6. For every n ≥ 3 there exists a smooth quasi-projective variety X of dimension n

which is simply-connected, weakly special but not special, together with a fibration F : X → (S :=

S \D,∆) Moreover the following holds:

(1) every entire curve C→ X is algebraically degenerate;

(2) there exist a positive constant A > 0 and a proper algebraic closed subset Z ⊂ S, such that

for every morphism ϕ : C → X, such that F (ϕ(C)) is not contained in Z, the following holds:

degF (ϕ(C)) ≤ A
(

2g(C)− 2 +N
[1]
ϕ◦F (D)

)
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Proof. The construction of the variety X and of the fibration F : X → S was given above. In

particular, in the above notation, D = (D̃r−n + · · ·+ D̃r).

The proof of (1) follows the same steps of the proof of [RTW21, Theorem 5.11]: part (1)

of Proposition 2.5 gives the analogue of equation (5.9) in op.cit. and then one concludes for

sufficiently large multiplicities m.

The proof of (2) is obtained by combining part (2) of Proposition 2.5 with [RTW21, Lemma

5.9]. �

3. A PROJECTIVE SIMPLY CONNECTED EXAMPLE

In this section we let K be an algebraically closed field of characteristic zero and F be the field

K(t). We recall Lang’s Conjecture for varieties over F .

Conjecture 3 (Lang, see [Lan91, 3.16]). Let X be a smooth projective variety X defined over

F , non birational to an isotrivial variety. Assume that X is of general type, then for every finite

extension L ⊃ F , the set of L-rational points XF (L) is not Zariski dense.

In this section we will prove the following Theorem:

Theorem 3.1. For every positive integer n > 1, there exists a smooth projective simply connected

variety XF of general type, of dimension n, which verifies Conjecture 3.

A variety XF over F is said to be simply connected if the natural morphism of groups

π1(XF , xo)→ Gal(F/F ) is an isomorphism (F being an algebraic closure of F ). This is equivalent

to say that the F variety XF ⊗F F is simply connected.

Remark 3.2. • The same strategy of the proof gives examples of smooth projective varieties over

F non birational to an isotrivial variety with the fundamental group of any projective-variety

(as in [Deb05, Proposition 26]) which verify Conjecture 3.

• The proof of Theorem 3.1 shows that a stronger statement holds in these examples, namely

the existence of an exceptional set, i.e. a proper closed set, TF , such that XF (L) r TF (L) is

finite. As pointed out in [RTW21, Remark 3.3], one cannot expect such a strong statement

to hold for every general type variety defined over a function field, assuming only that the

variety is not birational to an isotrivial variety.

We recall the following facts on which the proof of the theorem will relay on:

If E is a vector bundle on a variety Z, we will denote by πE : P(E)→ Z the natural projection.

Definition 3.3. A vector bundle E on a projective variety Z is said to be ample if the tautological

line bundle O(1) on P(E) is ample.

Proposition 3.4 (See [Laz04, Corollary 6.3.30]). Let Z be a smooth projective variety with ample

cotangent bundle. Then, for every smooth projective curve Y , the set Hom∗(Y,Z) of non constant

maps from Y to Z is finite.

We can generalize the proposition above to:
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Proposition 3.5. Let Z be a projective variety, birational to a variety Z ′ which is projective

smooth and with ample cotangent bundle. Then there is a proper closed subset B  Z for which

the following property holds: For every smooth projective curve Y , the set HomB(Y,Z) of non

constant maps such that f(Y ) 6⊂ B, is finite.

Proof. We can find a diagram of birational morphisms

(3.1) Z ′′

p

~~

q

  
Z Z ′

Let Ep and Eq be the exceptional loci of p and q respectively. The closed subset B = p(Ep ∪ Eq)
does not coincide with Z. Suppose that f : Y → Z is a map whose image is not contained in B.

Then, since Y is smooth, f lifts uniquely to a map f ′′ : Y → Z ′′ and to a map f ′ := q◦f ′ : Y → Z ′.

Consequently we find an injective map HomB(Y,Z) ↪→ Hom∗(Y,Z
′). The conclusion follows from

Proposition 3.4. �

We need also the following fact:

Proposition 3.6. There exist smooth projective varieties Z which are simply connected and with

ample cotangent bundle.

This is a particular case of Proposition 26 in [Deb05].

Now we can prove Theorem 3.1:

Proof of Theorem 3.1. Let Z be a simply connected smooth projective variety of dimension n+ 1,

with ample cotangent bundle. Let L be a very ample line bundle on Z. Let H1 and H2 be two

smooth global sections of L intersecting transversally on a smooth subvariety B of codimension

two.

Let Z̃ → Z be the blow up of Z along B. The two sections define a morphism π : Z̃ → P1. The

cartesian product

(3.2) XF
//

��

Z̃

π
��

Spec(F )
η

// P1

defines a variety XF over F .

For every closed point t ∈ P1 the variety Xt := π−1(t), if smooth, is simply connected because

of Lefschetz hyperplane Theorem and the hypothesis that n > 1. Consequently XF is simply

connected.

Let L/F is a finite extension and let BL → P1 be the finite covering associated to it. Each point

p ∈ XF (L) extends, by the evaluative criterion of properness, to a morpism P : BF → Z ′.

By Proposition 3.5, if P (BF ) is not contained in the exceptional divisor of Z̃, it belongs to a

finite list. Consequently, there is a closed set TF ( XF such that, XF (L) \ TF (L) is finite.
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The variety XF is not birationally equivalent to an an isotrivial variety, otherwise, we could find

a finite extension L for which XF (L) is Zariski dense. �
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